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SOME RESULTS ON LOCALLY ANALYTIC SOCLE FOR GLn(Qp)
YIWEN DING
Abstract. We study some closed rigid subspaces of the eigenvarieties, constructed by using the Jacquet-
Emerton functor for parabolic non-Borel subgroups. As an application (and motivation), we prove some
new results on Breuil’s locally analytic socle conjecture for GLn(Qp).
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1. Introduction
This note is devoted to prove some new results on Breuil’s locally analytic socle conjecture for GLn(Qp).
We recall the conjecture, summarize some results and sketch the proof in GL3(Qp) case in the introduction.
Let F be a quadratic imaginary extension of Q with p split in F , and we fix a place u above p; let G
be a definite unitary group over Q associated to F/Q which is split at p. Let E be a finite extension of
Qp sufficiently large, Up a compact open subgroup of G(A∞,p), put
Ŝ(Up, E) := {f : G(Q)\G(A∞)/Up → E | f is continuous},
The author is supported by EPSRC grant EP/L025485/1.
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which is a Banach space over E equipped with a continuous action of G(Qp) ∼= GL3(Qp) (this isomorphism
depends on the choice of u), and a continuous action of (commutative) Hecke algebra Hp outside p. The
action of Hp commutes with that of GL3(Qp). Let ρ be a continuous representation of Gal(F/F ) over
E associated to automorphic forms of G, and we associate to ρ a maximal ideal of Hp (shrinking Hp if
needed). Suppose (Ŝ(Up, E)lalg)
mρ 6= 0, where “lalg” denotes the locally algebraic vectors for GL3(Qp),
(·)mρ denotes the maximal E-vector space on which Hp acts via Hp ։ Hp/mρ. Put
Π̂(ρ) := Ŝ(Up, E)mρ ,
which is an admissible unitary Banach representation of GL3(Qp), and is supposed to be (a direct sum) of
the right representation corresponding to ρp := ρ|Gal(Fu/Fu)∼=Gal(Qp/Qp) in p-adic Langlands programme
([4]). The structure of Π̂(ρ) is still quite mysterious. In [5], Breuil made a conjecture on the locally
analytic socle of Π̂(ρ), which we recall now.
Suppose ρp is crystalline and very regular (cf. Def.3.19). Let h := (h1, h2, h3) ∈ Z⊕ (with h1 <
h2 < h3) be the Hodge-Tate weights of ρp, φ := (φ1, φ2, φ3) ∈ E3 be the (ordered) eigenvalues of the
crystalline Frobenius ϕ on Dcris(ρp). For any w ∈ S3, put w(φ) := (φw−1(1), φw−1(2), φw−1(3)), which is
called a refinement for ρp. The local Langlands correspondance thus associates to ρp a locally algebraic
representation of GL3(Qp) over E:
C(1, w) :=
(
Ind
GL3(Qp)
B(Qp)
ψwδ
−1
B
)∞
⊗E L (λ)
where λ := (−h1, 1 − h2, 2 − h3) is a dominant weight for T (Qp)
(
the group of diagonal matrices of
GL3(Qp)
)
, L (λ) denotes the irreducible algebraic representation of GL3(Qp) with highest weight λ,
ψw := unr(φw−1(1)p
−2)⊗ unr(φw−1(2)p
−1)⊗ unr(φw−1(3)), and δB = unr(p
−2) ⊗ 1 ⊗ unr(p2). Since ρp is
very regular, the representation C(1, w) are all isomorphic and irreducible. For each refinement w(φ) of
ρp, one can get a triangulation of Drig(ρp) of parameter
δ = (δ1, δ2, δ3)
=
(
unr(φw−1(1))x
−h
walg(w)−1(1) , unr(φw−1(2))x
−h
walg(w)−1(2) , unr(φw−1(3))x
−h
walg(w)−1(3)
)
with walg(w) ∈ S3 (determined by w and ρp). Recall the refinement is called non-critical, if walg(w) = 1.
For each pair (walg, w) ∈ S3×S3, Breuil defined an irreducible locally analytic representation C(walg, w)
(cf. (32)), and conjectured
Conjecture 1.1 ([5], [6, Conj.5.3]). For (walg, w) ∈ S3 × S3, C(walg, w) is a subrepresentation of Π̂(ρ)
if and only if walg ≤ walg(w) for the Bruhat’s ordering.
Roughly speaking, soc Π̂(ρ) would (conjecturally) measure the criticalness of ρp. In [6], Breuil proved
(some results were also obtained in [3])
Theorem 1.2 (cf. [6, Thm.1.2]). (1) If C(walg , w) is a subrepresentation of Π̂(ρ), then walg ≤ walg(w).
(2) If walg(w) 6= 1, then there exists walg 6= 1, such that C(walg, w) is a subrepresentation of Π̂(ρ).
In particular, when lgwalg(w) ≤ 1, the conjecture 1.1 was proved. In the GLn case, one needs to put
more global hypothesis to get Thm.1.2 (2), and in general one only gets a weaker version of Thm.1.2
(1) (cf. [6, Thm.1.2]). The main result of this note (in GL3(Qp) case) is the following theorem which
improves Thm.1.2 (2).
Theorem 1.3 (cf. Thm.4.4, Cor.4.5). Let s ∈ S3 be a simple reflection (i.e. s ∈ ∆ := {(12), (23)}), then
C(s, w) is a subrepresentation of Π̂(ρ) if and only if s ≤ walg(w). In particular, if lgwalg(w) ≥ 2, then
⊕s∈∆C(s, w) is a subrepresentation of Π̂(ρ).
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Let’s remark that the general GLn(Qp) case is more subtle (beside the global hypothesis), but we do
prove that if lgwalg(w) ≥ 2, there exist more than one walg such that C(walg , w) →֒ Π̂(ρ) (see Cor.4.6).
The proof of Thm.1.3 follows the same strategy of [6], i.e. using results on the geometry of the
eigenvariety (due to Bergdall [2], Chenevier [10]) and locally analytic representation theory (adjunction
formulas due to Breuil [6]) to prove the existence of companion points (on the eigenvariety), which
would correspond to irreducible components of soc Π̂(ρ). While, a key idea in this note, inspired by
the adjunction formula [6, Thm.4.3] (see also [6, Rem.9.11 (ii)]), is to locate some companion points by
considering closed subspaces of the eigenvariety constructed via the Jacquet-Emerton functor for parabolic
non-Borel subgroups. In fact, such closed subspaces were already constructed by Hill and Loeffler [20]
(although their motivation was rather different from ours).
We sketch the proof of Thm.1.3 for s = (23) and discuss some intermediate results. We keep the
notations.
Jacquet-Emerton functors. Let P ⊃ B with the Levi subgroup LP = GL2×GL1 (the case s = (12)
would use the other maximal parabolic proper subgroup). Denote by LP (λ) the irreducible algebraic
representation of LP with highest weight λ, for an admissible locally analytic representation V of GL3(Qp),
we put (cf. [20], and §1.3)
JB,(P,λ)(V ) := JB∩LP
((
JP (V )⊗E LP (λ)
′
)
∞
⊗E LP (λ)
)
where “(·)∞” denotes the smooth vectors for GL2(Qp) which acts on JP (V ) ⊗E LP (λ)′ via GL2 →֒
GL2×GL1 ∼= LP , LP (λ)′ denotes the algebraic dual of LP (λ). In fact, JB,(P,λ)(V ) is a closed subrepre-
sentation (of T (Qp)) of the usual Jacquet-Emerton module JB(V ), and thus is an essentially admissible
locally analytic representation of T (Qp). We would use the subfunctor JB,(P,λ)(·) of JB(·) to construct
a closed subspace of the eigenvariety. The adjunction property for JB,(P,λ)(·), which we discuss below,
would allow us to get some nice properties of such closed subspace (cf. Thm.1.4, 1.5).
Adjunction formulas. Suppose V is moreover very strongly admissible (cf. [18, Def.0.12]), we have an
adjunction formula (cf. Thm.2.15) (obtained by combining Breuil’s adjunction formula [6, Thm.4.3] and
the adjunction formula for the classical Jacquet functor):
(1) HomGL3(Qp)
(
FG
P
((
U(g)⊗U(p) LP (λ)
′
)∨
,
(
Ind
LP (Qp)
B(Qp)∩LP (Qp)
ψ ⊗E δ
−1
B
)∞)
, V
)
∼
−→ HomT (Qp)
(
ψ ⊗E χλ, JB,(P,λ)(V )
)
,
where ψ is a finite length smooth representation of T (Qp) over E, χλ denotes the algebraic character of
T (Qp) with weight λ and we refer to §2.1 for the representations FGP (·, ·) etc.; meanwhile, recall that for
JB(V ), by [6, Thm.4.3], one has
(2) HomGL3(Qp)
(
FG
B
((
U(g)⊗U(b) (−λ)
)∨
, ψ ⊗E δ
−1
B
)
, V
)
∼
−→ HomT (Qp)
(
ψ ⊗E χλ, JB(V )
)
.
Note the generalized Verma module U(g) ⊗U(p) LP (λ)
′ has 2 irreducible components, while the Verma
module U(g)⊗U(b)(−λ) has 6 irreducible components
(
with U(g)⊗U(p)LP (λ)
′ as a quotient
)
, consequently
the locally analytic representation (in (1))
(3) FG
P
((
U(g)⊗U(p) LP (λ)
′
)∨
,
(
Ind
LP (Qp)
B(Qp)∩LP (Qp)
ψ ⊗E δ
−1
B
)∞)
,
as a quotient of FG
B
((
U(g)⊗U(b)(−λ)
)∨
, ψ⊗E δ
−1
B
)
, has much fewer irreducible components. For example,
when ψ = ψw, then the representation in (3) has the form (where the line denotes an extension)
(4) C(s, w) C(1, w);
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while, FG
B
((
U(g)⊗U(b) (−λ)
)∨
, ψwδ
−1
B
)
has the form
(5) C(ss′, w) C(s′, w)
C(s′ss′, w) C(1, w)
C(s′s, w) C(s, w)
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where s′ denotes the simple reflection different from s. The adjunction property (1) is somehow the key
point of this note.
Eigenvariety and closed subspaces. Consider JB,(P,λ)
(
Ŝ(Kp, U)an
)
, which is an essentially admissible
locally analytic representation of T (Qp) equipped moreover with a continuous action of Hp. Following
Emerton, one gets a rigid space V(P, λ) over E such that there exists a bijection
V(P, λ)(E)
∼
−→
{
(χ, h) ∈ T̂ (E)× SpecHp(E)
∣∣ (JB,(P,λ)(Ŝ(Kp, U)an)⊗E E)T (Qp)=χ,Hp=h 6= 0}.
Indeed, V(P, λ) is a closed subspace of the general eigenvariety V
(
constructed from JB
(
Ŝ(Up, E)an
))
.
By the definition of JB,(P,λ)(·), one easily sees (χ1⊗χ2⊗χ3, h) ∈ V(P, λ)(E) implies that wt(χ1) = −h1,
wt(χ2) = 1 − h2. However, the rigid space V(P, λ) would be more subtle than the closed subspace,
denoted by V(λ), of V lying above the corresponding weight space. One has
Theorem 1.4 (cf. Thm.3.10). The classical points are Zariski-dense in V(P, λ).
Thus one can view (the reduced subspace of) V(P, λ) as the Zariski closure of the classical points in
V(λ). To prove Thm.1.4, one needs a classicality criterion for closed points in V(P, λ) proved in §3.2.1
using (1), which is stronger than the general classicality criterion for the points in V (e.g. see [10, §4.7.3]).
Indeed, the general classicality criterion for points in V seems not enough for the density of classical points
in V(P, λ) since certain weights for V(P, λ) are fixed.
Some e´taleness results. Denote by hρ : Hp → Hp/mρ → E, one can associate to (ρ, w) a classical point
zρ,w := (χw, hρ) of V(P, λ), where χw = ψwχλ. Consider the composition κ : V(P, λ)→ T̂
p3
−→ Q̂×p → Ẑ
×
p ,
where p3 denotes the projection to the third factor. One has (compare the second statement with [11,
Thm.4.8])
Theorem 1.5 (cf. Prop.3.20, Thm.3.22 and the proof of Thm.4.4). If C(s, w) is not a subrepresentation
of Π̂(ρ)an, then κ is e´tale at zρ,w. Consequently (by Thm.1.2 (1)), if w
alg(w) ∈ {1, (12)} (which is in fact
the Weyl group of LP ), then κ is e´tale at zρ,w.
To prove this theorem, as in [6] (e.g. see the proof of [6, Thm.9.10]), we use the adjunction formula
(1) and the same arguments in the proof of [11, Thm.4.8]. Indeed, applying the adjunction formula (1)
to the generalized eigenspace JB,(P,λ)(Ŝ(U
p, E)an)[T (Qp) = χw,Hp = hρ] then using (4), it’s not difficult
to show that if C(s, w) is not a subrepresentation of Π̂(ρ), then
JB,(P,λ)(Ŝ(U
p, E)an)[T (Qp) = χw,H
p = hρ] = JB,(P,λ)(Ŝ(U
p, E)lalg)[T (Qp) = χw,H
p = hρ]
(such equality might be viewed as an infinitesimal classicality result), from which one can deduce the
e´taleness result for V(λ, P ) by the same argument as in the proof of [11, Thm.4.8].
Conversely, we have the following theorem due to Bergdall (cf. [2, Thm.B]).
Theorem 1.6 (cf. Thm.3.23). If walg(w) /∈ {1, (12)}, then κ is not e´tale at zρ,w.
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Combing Thm.1.5 and Thm.1.6, Thm.1.3 thus follows. We refer to the body of the text for more
detailed and more precise statements (with slightly different notations).
Acknowledgement. The debt that this work owes to [6] is clear, and I also would like to thank
Christophe Breuil for answering my questions.
2. Locally analytic representations and Jacquet-Emerton functors
Let G be a split connected reductive algebraic group over Qp, T be a split maximal torus of G, ZG ⊆ T
the center of G, B a Borel subgroup of G containing T , P ⊃ B a parabolic subgroup of G with LP the
Levi subgroup and NP the nilpotent radical, thus T ∼= LB and put N := NB. Let g, t, zG, b, p, lP , nP , n
denote the associated Lie algebras over Qp of G, T , ZG, B, P , LP , NP , N respectively. Let E be a finite
extension of Qp, with OE the ring of integers and ̟E a uniformizer of OE .
2.1. The BGG category Op and the representations FP (M,π).
Definition 2.1 ([21, §9.3]). Let Op be the full subcategory of the category of linear representations of g
on E-vector spaces made out of representations M such that:
(1) M is a finite type U(g)⊗Qp E-module;
(2) M |U(lP ) is a direct sum of irreducible algebraic U(lP )⊗Qp E-modules;
(3) for all v ∈M , the E-vector space
(
U(nP )⊗Qp E
)
v is finite dimensional.
One has (cf. [21, §1.1, §1.2, §9.3])
Theorem 2.2. (1) The category Op is abelian, closed under submodules, quotients and finite direct sums.
(2) For P1 ⊂ P2 two parabolic subgroups of G, Op2 is a full subcategory of Op1 .
(3) LetW be an irreducible algebraic representation of LP , the generalized Verma module U(g)⊗U(p)W
lies in Op, and admits a unique irreducible quotient denoted by M(λ) where λ is the highest weight of W .
Denote by Φ the root system of G, ∆ the set of simple roots with respect to B and Φ+ (resp. Φ−)
the set of positive (resp. negative) roots. Any parabolic subgroup P containing B corresponds thus to
a set of positive simple roots denoted by ∆P , which is the simple roots of LP with respect to B ∩ LP
(thus ∆B = ∅). Consider the E-vector space t∗ := HomQp(t, E). Any element in t
∗ is called a weight
of t (or a weight for G). Any root α ∈ Φ can be viewed as a weight still denoted by α, and one has a
natural embedding ⊕α∈∆Eα →֒ t
∗. In fact, one has ∩α∈ΦKer(α) = zG, thus a natural decomposition
t∗ ∼=
(
⊕α∈∆ Eα
)
⊕ z∗G. Recall the root space ⊕α∈∆Eα is equipped with a natural inner product (using
Killing form) which extends to t∗ by putting 〈a, z〉 = 0 for all z ∈ z∗G. Let α
∨ := 2α/〈α, α〉. We call a
weight λ is P -dominant if 〈λ, α∨〉 ∈ Z≥0 for all α ∈ ∆P , λ is called dominant if λ is G-dominant.
Let λ ∈ t∗, denote byM(λ) := U(g)⊗U(b) λ the Verma module with highest weight λ, denote by L (λ)
the unique simple quotient of M(λ). By [21, Thm.1.3], every simple object in Ob is isomorphic to a such
L (λ). Note if λ is dominant, L (λ) is thus the unique finite dimensional algebraic representation of G
with highest weight λ.
Proposition 2.3 (cf. [21, p.185]). Let λ ∈ t∗, L (λ) ∈ Ob lies in Op if and only if λ is P -dominant. In
particular, there exists a unique maximal parabolic P of G containing B such that L (λ) ∈ Op.
Following Orlik-Strauch [24], one can associate a locally analytic representation FGP (M,π) of G(Qp)
with M ∈ Op and π being a finite length smooth admissible representation of LP (Qp). We recall the
constructions and some properties.
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For a Hausdorff locally convex topological vector space V over E, denote by Cla(G(Qp), V ) the E-vector
space of locally analytic functions of G(Qp) with values in V , equipped with the finest locally convex
topology. This space is equipped with a right regular locally analytic G(Qp)-action g(f)(g′) = f(g′g).
While this space can also be equipped with another locally analytic G(Qp)-action given by (g · f)(g′) =
f(g−1g′), which induces by derivation a continuous g-action
(6) (x · f)(g) =
d
dt
f(exp(−tx)g)
∣∣
t=0
for x ∈ g, f ∈ Cla(G(Qp), V ) and g ∈ G(Qp).
Let M ∈ Op, and W ⊆ M be a finite dimensional algebraic representation of p over E, by Def.2.1,
enlarging W , we can (and do) assume W generates M over U(g)⊗Qp E. One has thus an exact sequence
in the category Op
0→ Ker(φ)→ U(g)⊗U(p) W
φ
−→M → 0.
The p-action on W can be lifted to a unique algebraic P (Qp)-action (cf. [24, Lem.3.2]). Denote by
W ′ := HomE(W,E) with (p(f))(v) := f(p
−1v) for p ∈ P (Qp) and v ∈W .
Let π be a finite length smooth admissible representation of LP (Qp) overE, each element of U(g)⊗QpW
would induce a continuous morphism
Cla
(
G(Qp),W
′ ⊗E π
)
−→ Cla
(
G(Qp), π
)
with (x⊗ v)(f) := [g 7→ (x · f)(g)(v)], where x ∈ U(g), v ∈W ′, f ∈ Cla
(
G(Qp),W ′⊗E π
)
, x · f denotes the
g-action on Cla
(
G(Qp),W ′ ⊗E π
)
as in (6). Consider
(
Ind
G(Qp)
P (Qp)
W ′ ⊗E π
)an
⊆ Cla
(
G(Qp),W ′ ⊗E π
)
, by
restriction, one gets thus an E-linear map
(7) U(g)⊗E W −→ HomE
((
Ind
G(Qp)
P (Qp)
W ′ ⊗E π
)an
, Cla
(
G(Qp), π
))
.
One can check this map factors through U(g)⊗U(p) W (cf. [5, Lem.2.1]). Following [24, §4], put (where
X · f is given via (7))
FGP (M,π) :=
{
f ∈
(
Ind
G(Qp)
P (Qp)
W ′ ⊗E π
)an
, X · f = 0, ∀X ∈ Ker(φ)
}
,
which can be checked to be a closed subrepresentation of
(
Ind
G(Qp)
P (Qp)
W ′ ⊗E π
)an
and independent of the
choice of W (thus only depends on M and π, cf. [24, Prop.4.5]).
Theorem 2.4 ([24, Thm]). Keep the above notations.
(1) FGP (M,π) is non-zero if and only if M and π are non-zero.
(2) The functor (M,π) 7→ FGP (M,π) (covariant on π, and contravariant on M) is exact in both
arguments.
(3) Let Q ⊃ P be another parabolic subgroup and assume M lies in Oq ⊂ Op, then
FGP (M,π)
∼= FGQ
(
M,
(
Ind
LQ(Qp)
P (Qp)∩LQ(Qp)
π
)∞)
,
where (·)∞ denotes the usual smooth parabolic induction.
(4) Suppose the following hypothesis
• if Φ has irreducible components of type B, C or F4, then p is odd,
• if Φ has irreducible components of type G2, then p > 3;
if M and π are irreducible and P is the maximal parabolic subgroup of M , then FGP (M,π) is an irreducible
representation of G(Qp).
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Remark 2.5. Keep the notations of Thm.2.4 and the hypothesis in (4), if the representation
(
Ind
G(Qp)
P (Qp)
π
)∞
is irreducible, we see the irreducible components of FGP (M,π) are exactly F
G
P (Mi, π) where the Mi’s are
the irreducible components of M in Op.
2.2. Jacquet-Emerton functors. Let V be an essentially admissible locally analytic representation of
G(Qp) over E (cf. [15, Def.6.4.9]). Let NoP be an open compact subgroup of NP (Qp),
(8) LP (Qp)
+ :=
{
g ∈ LP (Qp) | gN
o
P g
−1 ⊆ NoP
}
.
The closed subspace V N
o
P
(
of vectors fixed by NoP
)
is equipped with a natural LP (Qp)+-action given by
(cf. [17, §3.4])
(9) πg(v) :=
1
|NoP /gN
o
Pg
−1|
∑
n∈NoP /gN
o
P g
−1
(ng)v, v ∈ V N
o
P , g ∈ LP (Qp)
+.
Following Emerton ([17, Def.3.2.1, 3.4.5]), put
JP (V ) := (V
NoP )fs := LZLP (Qp)+
(
O
(
ẐLP
)
, V N
o
P
)
where “L” signifies continuous linear maps, “fs” signifies finite slope, ZH denotes the center of H for an
algebraic group H , ZLP (Qp)
+ := ZLP (Qp) ∩ LP (Qp)
+, Ẑ denotes the rigid space over E parameterizing
locally analytic characters of Z(Qp) for a commutative algebraic group Z over Qp and O
(
Ẑ
)
denotes the
global sections of Ẑ. Roughly speaking, JP (V ) is the maximal subspace of V
NoP on which the ZLP (Qp)
+-
action extends canonically to a locally analytique ZLP (Qp)-action. Since LP (Qp)
+ZLP (Qp) = LP (Qp),
JP (V ) is equipped with a natural action of LP (Qp).
Theorem 2.6 ([17, Prop.3.4.11,Thm.4.2.32]). Keep the above notation, JP (V ) is independent of the
choice of NoP , and is an essentially admissible locally Qp-analytic representation of LP (Qp).
Theorem 2.7 ([20, Thm.5.3]). Let P1 ⊂ P2 be two parabolic subgroups of G, V be an essentially ad-
missible locally analytic representation of G(Qp), then one has a natural isomorphism of LP1(Qp)
(
=
LP1∩LP2 (Qp)
)
-representations
JLP2∩P1(JP2(V ))
∼
−→ JP1(V ).
2.2.1. A digression: locally algebraic vectors. Denote by GD the derived subgroup of G, and gD the
Lie algebra of GD over Qp. Since G is reductive, GD is semisimple, and we have a local isomorphism
ZG ×GD
∼
−→ G. Let TGD := T ∩G
D, which is thus a maximal split torus of GD, let tGD denote the Lie
algebra of TGD . The inclusion tGD →֒ t induces a projection HomE(t, E) ։ HomE(tGD , E). In fact, we
have an isomorphism t
∼
−→ tGD × zG, and ⊕α∈∆Eα
∼
−→ HomE(tGD , E). Thus a weight λ of t is dominant
if and only if its restriction to tGD is dominant.
For a locally Qp-analytic representation V of G(Qp) over E, denote by V0 the E-vector space generated
by the vectors fixed by gD, in other words, the smooth vectors for GD. It’s straightforward to check V0
is stable under the G(Qp)-action and is a closed subrepresentation of V . Let λ0 be a dominant weight
for GD, λ a weight for G above λ0 (which is thus also dominant). Put
Vλ0 :=
(
V ⊗E L (λ)
′
)
0
⊗E L (λ),
where L (λ)′ denotes the dual algebraic representation of L (λ). And we would use −λ to denote the
highest weight of L (λ)′.
Lemma 2.8. Keep the above notation, Vλ0 is a closed subrepresentation of V of G(Qp) and is independent
of the choice of λ, in other words, Vλ0 only depends on λ0.
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Proof. One has a natural G(Qp)-invariant map(
V ⊗E L (λ)
′
)
0
⊗E L (λ) −→ V, v ⊗ w
′ ⊗ w 7→ w′(w)v.
Moreover, by [15, Prop.4.2.4]
(
applied to G = GD(Qp)
)
, we know this is injective. Let µ be another
dominant weight which restricts to λ0, then L (µ) would differ from L (λ) by certain determinant twist,
from which the second part easily follows. 
In particular, if V is essentially admissible, so is Vλ0 (cf. [15, Prop.6.4.11]).
Lemma 2.9. Let λ be a dominant weight for G, π be a smooth representation of G(Qp) over E, V a
locally analytic representation of G(Qp) smooth for the GD(Qp)-action, then the following map
(10) HomG(Qp)(π, V ) −→ HomG(Qp)
(
π ⊗E L (λ), V ⊗E L (λ)
)
, f 7→ f ⊗ id,
is bijective.
Proof. A G(Qp)-invariant map g : π ⊗E L (λ)→ V ⊗E L (λ) induces
π −→ π ⊗E L (λ)⊗E L (λ)
′ −→ V ⊗E L (λ) ⊗E L (λ)
′;
since π is smooth, this map factors through in particular
π −→
(
V ⊗E L (λ) ⊗E L (λ)
′
)
0
∼= V
where the last isomorphism follows from the isomorphism above [15, Prop.4.2.4]. One easily sees this
gives an inverse (up to scalars) of (10). 
2.2.2. Subfunctors. Return to the situation before §2.2.1 (in particular, V is an essentially admissible
locally analytic representation of G(Qp) over E), and let P1 ⊆ P2 be two parabolic subgroups of G
containing B. Let λ0 be a dominant weight for L
D
P2
(the derived subgroup of LP2), for an essentially
admissible locally analytic representation V of G(Qp), put (cf. §2.2.1)
JP1,(P2,λ0)(V ) := JP1∩LP2
(
JP2(V )λ0
)
.
By the left exactness of the functor JP1(·) and Lem.2.8, JP1,(P2,λ0)(V ) is a closed subrepresentation of
JP1(V ) = JP1∩LP2 (JP2(V )). By Thm.2.6, 2.7 and Lem.2.8, one has
Corollary 2.10. JP1,(P2,λ0)(V ) is an essentially admissible locally analytic representation of LP1(Qp).
Lemma 2.11. Keep the above notation, let λ be dominant weight (for LP2) above λ0, L2(λ) the irre-
ducible algebraic representation of LP2 with highest weight λ we have
JP1,(P2,λ0)(V )
∼
−→ JP1∩LP2
(
(JP2(V )⊗E L2(λ)
′)0
)
⊗E L2(λ)
NP1∩LP2 .
Proof. It’s sufficient to prove
(11)
(
(JP2(V )⊗E L2(λ)
′)0 ⊗E L2(λ)
)NP1∩LP2 ∼= ((JP2(V )⊗E L2(λ)′)0)NP1∩LP2 ⊗E L2(λ)NP1∩LP2 .
Since the action of NP1∩LP2 is smooth on (JP2(V )⊗E L2(λ)
′)0, thus we have(
(JP2(V )⊗E L2(λ)
′)0 ⊗E L2(λ)
)NP1∩LP2 ⊆ ((JP2(V )⊗E L2(λ)′)0 ⊗E L2(λ))nP1∩LP2
⊆ (JP2 (V )⊗E L2(λ)
′)0 ⊗E L2(λ)
nP1∩LP2 = (JP2 (V )⊗E L2(λ)
′)0 ⊗E L2(λ)
NP1∩LP2
where nP1∩LP2 denotes the Lie algebra of NP1∩LP2 , from which we easily deduce that the left side is
contained in the right side in (11). The other direction is trivial, and the lemma follows. 
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Keep the above notation, and denote by L1(λ) the irreducible algebraic representation of LP1(Qp)
with highest weight λ, thus L1(λ) ∼= L2(λ)
NP1∩LP2 . Note that the action of LP1(Qp) ∩ L
D
P2
(Qp) on
JP1∩LP2
(
(JP2(V ) ⊗E L2(λ)
′)0
)
is smooth, thus JP1,(P2,λ0)(V ) is a locally algebraic representation of
LDP1(Qp)
(
of type L1(λ)
)
. Let H be an open compact subgroup of
(
ZLP1 ∩ L
D
P2
)
(Qp), χ be a smooth
character of H over E, and put
(12) JH,χP1,(P2,λ0)(V ) := JP1∩LP2
(
(JP2(V )⊗E L2(λ)
′)0
)H=χ
⊗E L1(λ) −֒→ JP1,(P2,λ0)(V ),
which is also an essentially admissible locally analytic representation of LP1(Qp).
2.3. Adjunction formulas. In this section, we deduce from [6, Thm.4.3] an adjunction formula for the
functor JP1,(P2,λ0)(·), which would play a crucial role in our study below of certain closed rigid subspaces
of the eigenvarieties.
Denote by δi the modulus character of Pi(Qp) for i = 1, 2, δ12 the modulus character of P1(Qp) ∩
LP2(Qp)
(
where P1 ∩ LP2 is viewed as a parabolic subgroup of LP2
)
. Note the character δi factors
through LPi , and δ12 factors through LP1 . We have δ12|LP1 δ2|LP1 = δ1|LP1 .
Let W be an irreducible algebraic representation of LP1 of highest weight µ, π be a finite length
smooth admissible representation of LP1(Qp), suppose there exists a non-zero LP1(Qp)-invariant map:
π ⊗E W → JP1,(P2,λ0)(V ). Then one has
Lemma 2.12. The weight µ is P2-dominant and restricts to λ0.
Proof. By considering the action of the Lie algebra of LP1(Qp) ∩ L
D
P2
(Qp) and Lem.2.11, there exists
a P2-dominant weight λ above λ0 such that W |LP1(Qp)∩LDP2(Qp)
∼= L1(λ)|LP1 (Qp)∩LDP2 (Qp)
. Since LDP1 ⊆
LP1 ∩ L
D
P2
, we see W differs from L1(λ) by certain determinantal twist det1. Since det1 is trivial
on LP1(Qp) ∩ L
D
P2
(Qp)
(
thus trivial on (T ∩ LDP2)(Qp)
)
, the weight det1 is P2-dominant. The lemma
follows. 
For a parabolic subgroup P of G, we use P to denote the parabolic subgroup of G opposite to P .
Proposition 2.13. Let λ be a dominant weight for LP2 which restricts to λ0, π be a finite length smooth
admissible representation of LP1(Qp), V be an essentially admissible locally analytic representation of
LP2(Qp), then one has a natural bijection
(13) HomLP2 (Qp)
((
Ind
LP2 (Qp)
P 1(Qp)∩LP2(Qp)
π ⊗E δ
−1
12
)∞
⊗E L2(λ), Vλ0
)
∼
−→ HomLP1(Qp)
(
π ⊗E L1(λ), JP1∩LP2 (Vλ0 )
)
.
Proof. This proposition follows from the adjunction property for classical Jacquet functors. Recall Vλ0
∼=
(V ⊗E L2(λ)′)0 ⊗E L2(λ). By Lem.2.9, 2.11, one has
(14) HomLP1(Qp)
(
π, JP1∩LP2
(
(V ⊗E L2(λ)
′)0
)) ∼
−→ HomLP1(Qp)
(
π ⊗E L1(λ), JP1∩LP2 (Vλ0)
)
.
Since π is smooth and of finite length, ZLP1 (Qp)
(
thus ZLP2 (Qp)
)
acts on π via certain finite dimensional
representation, in other words, there exists an ideal I of E[ZLP2 (Qp)], dimE(E[ZLP2 (Qp)]/I) <∞, such
that π = πI
(
where π is viewed as an E[ZLP2 (Qp)]-module
)
. So
HomLP1 (Qp)
(
π, JP1∩LP2
(
(V ⊗E L2(λ)
′)I0
)) ∼
−→ HomLP1(Qp)
(
π, JP1∩LP2
(
(V ⊗E L2(λ)
′)0
))
.
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On the other hand, by [15, Prop.6.4.13] and [26, Thm.6.6], (V ⊗E L2(λ)′)I0 is an admissible smooth
representation of LP2(Qp). In this case, the Jacquet-Emerton functor coincides with the classical Jacquet
functor (cf. [17, §4.3]), and one has a bijection
(15) HomLP2 (Qp)
((
Ind
LP2 (Qp)
P1(Qp)∩LP2(Qp)
π ⊗E δ
−1
12
)∞
, (V ⊗E L2(λ)
′)I0
)
∼
−→ HomLP1 (Qp)
(
π, JP1∩LP2
(
(V ⊗E L2(λ)
′)I0
))
,
Note one can remove “I” on either side since the corresponding set would not change. Again by Lem.2.9,
one has a bijection
(16) HomLP2 (Qp)
((
Ind
LP2 (Qp)
P1(Qp)∩LP2(Qp)
π ⊗E δ
−1
12
)∞
, (V ⊗E L2(λ)
′)0
)
∼
−→ HomLP2 (Qp)
((
Ind
LP2 (Qp)
P1(Qp)∩LP2(Qp)
π ⊗E δ
−1
12
)∞
⊗E L2(λ), (V ⊗E L2(λ)
′)0 ⊗E L2(λ)
)
.
Putting (14) (15) (16) together, the proposition follows. 
Remark 2.14. Note the left set of (13) won’t change if Vλ0 is replaced by V since any non-zero LP2(Qp)-
invariant map (
Ind
LP2 (Qp)
P 1(Qp)∩LP2(Qp)
π ⊗E δ
−1
12
)∞
⊗E L2(λ) −→ V
factors automatically through Vλ0 . However, the set on the right side is rather subtile, indeed, the natural
injection
HomLP1 (Qp)
(
π ⊗E L1(λ), JP1∩LP2 (Vλ0)
)
−֒→ HomLP1 (Qp)
(
π ⊗E L1(λ), JP1∩LP2 (V )
)
is not bijective in general.
Theorem 2.15. Let V be a very strongly admissible locally Qp-analytic representation of G(Qp) (resp.
[18, Def.0.12]), λ a dominant weight for LP2 above λ0, π a finite length smooth admissible representation
of LP1(Qp), thus there exists a natural bijection
(17) HomG(Qp)
(
FG
P 2
((
U(g)⊗U(p2) L2(λ)
′
)∨
,
(
Ind
LP2(Qp)
P 1(Qp)∩LP2(Qp)
π ⊗E δ
−1
1
)∞)
, V
)
∼
−→ HomLP1(Qp)
(
π ⊗E L1(λ), JP1,(P2,λ0)(V )
)
,
where (·)∨ denotes the dual in the category Ob (cf. [21, Chap.3]).
Proof. By Prop.2.13 (applied to V = JP2(V )), one has a bijection
HomLP2(Qp)
((
Ind
LP2(Qp)
P 1(Qp)∩LP2(Qp)
π ⊗E δ
−1
12
)∞
⊗E L2(λ), JP2 (V )λ0
)
∼
−→ HomLP1(Qp)
(
π ⊗E L1(λ), JP1∩LP2 (JP2(V )λ0)
)
,
and the left set would not change if JP2(V )λ0 is replaced by JP2(V ) (see Rem.2.14). Since V is very
strongly admissible, by [6, Thm.4.3], one has
HomG(L)
(
FG
P2
((
U(g)⊗U(p2) L2(λ)
′
)∨
,
(
Ind
LP2(Qp)
P 1(Qp)∩LP2(Qp)
π ⊗E δ
−1
12
)∞
⊗E δ
−1
2
)
, V
)
∼
−→ HomLP2(Qp)
((
Ind
LP2(Qp)
P 1(Qp)∩LP2(Qp)
π ⊗E δ
−1
12
)∞
⊗E L2(λ), JP2 (V )
)
.
Since δ1|LP1(Qp) = δ12|LP1 (Qp)δ2|LP1 (Qp), the theorem follows. 
Remark 2.16. Keep the notations in Thm.2.15. By [6, Thm.4.3], one has a bijection
(18) HomG(Qp)
(
FG
P 1
((
U(g)⊗U(p1) L1(λ)
′
)∨
, π ⊗E δ
−1
1
)
, V
)
∼
−→ HomLP1 (Qp)
(
π ⊗E L1(λ), JP1(V )
)
.
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Denote by Mi(λ) := U(g)⊗U(pi) Li(λ)
′. Note M2(λ) is a quotient of M1(λ) in the category Op1 (cf. [21,
§9]), from which we deduce (by Thm.2.4 (2) and (3)) the representation
FG
P 2
((
U(g)⊗U(p2) L2(λ)
′
)∨
,
(
Ind
LP2(Qp)
P 1(Qp)∩LP2(Qp)
π ⊗E δ
−1
12
)∞
⊗E δ
−1
2
)
is a quotient of FG
P 1
((
U(g)⊗U(p1)L1(λ)
′
)∨
, π⊗E δ
−1
1
)
. In particular, when P1 6= P2, the right set of (18)
might be strictly bigger than the right set of (17). This subtlety is somehow the key point of this note.
2.4. Structure of JB,(P,λ0)(V ). Let H be an open compact uniform prop-p-subgroup of G(Qp) such
that H is a normal subgroup of the maximal open compact subgroup of G(Qp). Let V be a locally
Qp-analytic representation of G(Qp) over E such that V |H ∼= Cla(H,E)⊕r for r ∈ Z≥1. This section is
devoted to the structure JB,(P,λ0)(V ). In fact, the results in this section were already obtained in [20],
while we reformulate them in a way that suits our context.
For any parabolic subgroup P ′ of G, let NoP ′ := H ∩NP ′ , L
o
P ′ := H ∩ L
o
P ′ , put LP ′(Qp)
+ as (8) with
respect to NoP ′ . Note T
∼= LB, and put N := NB, N := NB, N
o := NoB, N
o
:= No
B
, T o := LoB and
T (Qp)+ := LB(Qp)+.
Suppose the natural multiplication induces a homemorphism
(19) No∗ × L
o
∗ ×N
o
∗
∼
−→ H
for ∗ ∈ {P,B}. Denote by LD,oP := L
D
P (Qp) ∩ L
o
P , Z
o
LP
:= ZLP (Qp) ∩ L
o
P , and suppose the following
natural map is an isomorphism of p-adic analytic groups
(20) LD,oP × Z
o
LP
∼
−→ LoP .
Let λ be a dominant weight for G above λ0, we use LP (λ)
(
resp. LG(λ)
)
to denote the irreducible
algebraic representation of P (resp. G) over E with highest weight λ. Recall
JB,(P,λ0)(V )
∼=
((
V
NoP
fs ⊗E LP (λ)
′
)
0
⊗E LP (λ)
)NoB∩LP
fs
,
where NoB∩LP := NB∩LP ∩H , the first “fs” is with respect to ZLP (Qp)
+, and second one to T (Qp)+ =
ZLB (Qp)
+. Note ZLP (Qp)
+ ⊆ T (Qp)+.
Lemma 2.17. JB,(P,λ0)(V )
∼=
((
V N
o
P ⊗E LP (λ)′
)
0
⊗E LP (λ)
)NoB∩LP
fs
, where
(
V N
o
P ⊗E LP (λ)′
)
0
:=
lim
−→U
(
V N
o
P ⊗E LP (λ)′
)U
with U running through the open compact subgroups of LD,oP .
Proof. Since V
NoP
fs is a closed subspace of V
NoP , we have
JB,(P,λ0)(V ) −֒→
((
V N
o
P ⊗E LP (λ)
′
)
0
⊗E LP (λ)
)NoB∩LP
fs
.
We prove this map is bijective. Since LP (λ)
NoB∩LP ∼= χλ (where χλ denotes the algebraic character of T
with weight λ), we reduce to prove((
V
NoP
fs ⊗E LP (λ)
′
)
0
)NoB∩LP
fs
−֒→
((
V N
o
P ⊗E LP (λ)
′
)
0
)NoB∩LP
fs
is bijective. Since LP (λ)
′ ∼=
(
LG(λ)
′
)NoP = (LG(λ)′)NoPfs , thus (V NoP∗ ⊗ELP (λ)′)0 ∼= ((V ⊗ELG(λ)′)NoP∗ )0
with ∗ ∈ {fs, ∅}. We reduce to prove the natural injection
(21)
((
W
NoP
fs
)
0
)NoB∩LP
fs −֒→
((
WN
o
P
)
0
)NoB∩LP
fs
is bijective for any essentially admissible locally analytic representation W of G(Qp). Firstly, note(
W
NoP
fs
)
0
∼=
((
WN
o
P
)
0
)
fs
since the operation (·)0 depends only on the action of L
D,o
P and thus commutes
11
with (·)fs (cf. [17, Prop.3.2.11]). Consider the inclusion map,
((
WN
o
P
)
0
)NoB∩LP
fs →֒
(
WN
o
P
)
0
, by the uni-
versal property [17, Prop.3.2.4 (ii)], we see this map factors through
((
WN
o
P
)
0
)NoB∩LP
fs →֒
((
WN
o
P
)
0
)
fs
∼=(
W
NoP
fs
)
0
, whose image is thus contained in
((
W
NoP
fs
)
0
)NoB∩LP
fs . This gives an inverse of (21). 
By this lemma (and the proof),
JB,(P,λ0)(V )
∼=
((
V N
o
P ⊗E LP (λ)
′
)
0
⊗E LP (λ)
)NoB∩LP
fs
∼=
((
V N
o
P ⊗E LP (λ)
′
)
0
)NoB∩LP
fs
⊗E χλ,
in the following, we would consider
((
V N
o
P ⊗E LP (λ)′
)
0
)NoB∩LP
fs
, which only differs from JB,(P,λ0)(V ) by
the twist χλ. The following lemma is well known.
Lemma 2.18. LetW be an irreducible algebraic representation of G over E, then one has an isomorphism
of H-representations Cla(H,E) ⊗E W ∼= C
la(H,E)⊕ dimEW , where H acts on the left object via diagonal
action.
Proof. We include a proof for the convenience of the reader. We first prove C(H,E)⊗EW ∼= C(H,E)⊕ dimEW .
SinceH is pro-p, (OE/̟nE)[[H ]] is a complete local algebra, any finitely generated projective (OE/̟
n
E)[[H ]]-
module is isomorphic to (OE/̟nE)[[H ]]
⊕r for r ∈ Z≥1. Thus by dualizing, any smooth admissible H-
representation over OE/̟
n
E which is moreover injective, is isomorphic to C(H,OE/̟E)
⊕r for r ∈ Z≥1.
Let W0 be a H-invariant OE-lattice of W , let Vn := C(H,OE/̟nE) ⊗OE/̟nE W0/̟
n
E , we claim Vn is an
injective object in the category Gn of smooth admissible H-representations over OE/̟nE.
Indeed, for any M ∈ Gn, we have
HomOE/̟nE
(
M, C(H,OE/̟
n
E)
)
∼= C(H,OE/̟
n
E)⊗OE/̟nE M
∨ ∼= C(H,M∨),
which is moreoverH-invariant, where theH-action on the left object is given by h(f)(m) := h−1(f(h(m))),
on the middle one is via diagonal action, and on C(H,M∨) is given h(f)(h′) = h−1f(h′h), thus one has
HomH
(
M, C(H,OE/̟nE)
)
∼=M∨, f 7→ f(1). Consequently,
HomH
(
M,Vn
)
= HomH
(
M ⊗OE/̟nE (W0/̟
n
E)
∨, C(H,OE/̟
n
E)
)
,
since the functor − ⊗OE/̟nE (W0/̟
n
E)
∨ is exact, we deduce Vn is injective from the injectivity of
C(H,OE/̟
n
E).
Thus there exists r ∈ Z≥1, such that Vn ∼= C(H,OE/̟nE)
⊕r. On the other hand, let H ′ be an open
compact subgroup of H which acts trivially on W0/̟
n
E , and we have thus
(
C(H,OE/̟nE)
H′
)⊕r ∼= V H′n ∼=(
C(H,OE/̟nE)
H′
)
⊗OE/̟nE W0/̟
n
E (note these are all finite sets), from which we see r = dimEW . By
taking projective limit on n and tensoring with E, we get C(H,E)⊗E W ∼= C(H,E)⊕ dimEW .
By [17, Prop.3.6.15], (C(H,E)⊗E W )an ∼= Cla(H,E)⊗E W , the lemma follows. 
For a p-adic analytic group H ′, denote by D(H ′, E) := Cla(H ′, E)∨b the E-algebra of distributions
of H ′, which is a Fre´chet-Stein algebra when H ′ is compact. Let C∞(H ′, E) →֒ Cla(H ′, E) be the
(closed) subspace of smooth functions, i.e. functions killed by the Lie algebra action. Put D∞(H ′, E) :=
C∞(H ′, E)∨b which is a closed quotient of D(H
′, E) and thus is also a Fre´chet-Stein algebra when H ′ is
compact. In fact, one has an isomorphism of topological E-algebras D∞(H ′, E) ∼= lim←−U⊆H′
E[H ′/U ] with
U running over open compact normal subgroups of H ′ (cf. [25, §2]).
Let T oP := T (Qp) ∩ L
D,o
P . By (20), Z
o
LP
× LD,oP
∼
−→ LoP , thus
(22) T o = T (Qp) ∩ L
o
P
∼= ZoLP × (L
D,o
P ∩ T (Qp)) = Z
o
LP × T
o
P .
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This isomorphism induces thus an isomorphism of Fre´chet-Stein algebras
D(T oP , E)⊗̂ED(Z
o
LP , E)
∼
−→ D(T o, E).
Put
D′(T o, E) := D∞(T oP , E)⊗̂ED(Z
o
LP , E)
which is thus a quotient of D(T o, E) and is also a Fre´chet-Stein algebra.
Recall for a compact uniform prop-p-group H ′, and for 1p < r < 1, D(H
′, E) is equipped with a
multiplicative norm ‖ · ‖r ([26, §4]). As in loc. cit., denote by Dr(H ′, E) the completion of D(H ′, E)
via ‖ · ‖r, which is thus a Banach E-algebra. We can also define a bigger Banach E-algebra D<r(H ′, E)
([26, p.161]). One has D(H ′, E) ∼= lim←−r
Dr(H ′, E) ∼= lim←−r
D<r(H ′, E). For n ∈ Z≥1, put rn := 1pn(p−1) .
For a locally analytic representation W of H ′, let W (n) denote the subrepresentation generated by rn-
analytic vectors as in [13, §0.3]. Put C(n)(H ′, E) := Cla(H ′, E)(n). By definition, one has C(n)(H ′, E)∨b
∼=
D<rn(H
′, E).
Since H is uniform, by the isomorphisms (19) (20), so are the groups T o, LoP , N
o
P , N
o
P
, No, N
o
,
T oP , L
D,o
P , Z
o
LP
. For 1p < r < 1, put D
∞
∗ (T
o
P , E) to be the image of D∗(T
o
P , E) via the projection
D(T oP , E) ։ D
∞(T oP , E) for ∗ ∈ {r,< r}. Put An := D
′
rn(T
o, E) := D∞rn(T
o
P , E)⊗̂EDrn(Z
o
LP
, E). Let
z ∈ T (Qp)+ such that T (Qp) is generated by z−1 and T (Qp)+ by multiplication.
Proposition 2.19. For all n ∈ Z≥1, there exists an orthonormalisable An-module Mn such that
(1) Mn is equipped with a compact An-linear operator zn;
(2) there exist continuous An-linear maps αn :Mn →Mn+1⊗An+1An and βn :Mn+1⊗̂An+1An →Mn
such that βn ◦ αn = zn, αn ◦ βn = zn+1 ⊗ 1An;
(3) one has an isomorphism of D′(T o, E)-modules:
lim
←−
n
Mn
∼
−→
(((
V N
o
P ⊗E LP (λ)
′
)
0
)NoB∩LP )∨
(
where the maps in the projective system are given by the composition of βn and the natural map
Mn+1 → Mn+1⊗̂An+1An
)
, which commutes with the action {zn} on the left and πz on the right
(cf. (9)).
In summary, one has the following commutative diagram(((
V N
o
P ⊗E LP (λ)′
)
0
)NoB∩LP )∨ · · · Mn+1 Mn+1 ⊗An+1 An Mn
(((
V N
o
P ⊗E LP (λ)′
)
0
)NoB∩LP )∨ · · · Mn+1 Mn+1 ⊗An+1 An Mn
..................................................
. ......................
. .....................................
. ............................................
.
βn
..................................................
. ......................
. .....................................
. ............................................
.
βn
........................
...
πz
..........................
....
zn+1
..........................
....
zn+1 ⊗ id
..........................
....
zn
................................................
.
... αn
.
Proof. We use the argument of [7, Prop.5.3], which is rather a variation of the arguments in [17, §4.2].
One has V N
o
P ⊗E LP (λ)′ ∼= (V ⊗E LG(λ)′)N
o
P . Denote by Π := V ⊗E LG(λ)′, by Lem.2.18, Π|H ∼=
Cla(H,E)⊕r for some r ∈ Z≥1. Denote by Π
(n)
H the rn-analytic vectors for the H-action (cf. [13, §0.3]),
thus Π
(n)
H
∼= C(n)(H,E)⊕r . By the isomorphism (19), one has
Π
(n)
H
∼
−→
(
C(n)(No
P
, E)⊗̂EC
(n)(LoP , E)⊗̂EC
(n)(NoP , E)
)⊕r
,
thus(
Π
(n)
H
)NoP ∼−→ (C(n)(No
P
, E)⊗̂EC
(n)(LoP , E)
)⊕r ∼
−→
(
C(n)(No
P
, E)⊗̂EC
(n)(LD,oP , E)⊗̂EC
(n)(ZoLP , E)
)⊕r
.
13
Put C∞,(n)(H ′, E) := C(n)(H ′, E) ∩ C∞(H ′, E), for a compact prop-p uniform p-adic analytic group H ′.
One gets((
Π
(n)
H
)NoP )
0
:=
(
Π
(n)
H
)NoP ∩ (ΠNoP )0 ∼−→ (C(n)(NoP , E)⊗̂EC(n)(ZoLP , E)⊗̂EC∞,(n)(LD,oP , E))⊕r
∼
−→
(
C(n)(No
P
, E)⊗̂EC
(n)(ZoLP , E)⊗̂EC
∞,(n)(No
B∩LP
, E)⊗̂EC
∞,(n)(T oP , E)⊗̂EC
∞,(n)(NoB∩LP , E)
)⊕r
,
and thus
(23)(((
Π
(n)
H
)NoP )
0
)NoB∩LP ∼
−→
(
C(n)(No
P
, E)⊗̂EC
∞,(n)(No
B∩LP
, E)⊗̂EC
(n)(ZoLP , E)⊗̂EC
∞,(n)(T oP , E)
)⊕r
∼
−→
(
C(n)(No
P
, E)⊗̂EC
∞,(n)(No
B∩LP
, E)
)⊕r
⊗̂EC
(n)(ZoLP , E)⊗̂EC
∞,(n)(T oP , E)
Note the strong dual of C(n)(ZoLP , E)⊗̂EC
∞,(n)(T oP , E) is D<rn(Z
o
LP
, E)⊗̂ED∞<rn(T
o
P , E). Put thus
Mn :=
((((
Π
(n)
H
)NoP )
0
)NoB∩LP )∨
b
⊗̂D<rn (ZoLP ,E)⊗̂ED
∞
<rn
(T o
P
,E)An.
Indeed, since
((((
Π
(n)
H
)NoP )
0
)NoB∩LP )∨
b
is obviously an orthonormalisableD<rn(Z
o
LP
, E)⊗̂ED∞<rn(T
o
P , E)-
module, we see Mn is an orthonormalisable An-module. The existence of the maps αn, βn follows by the
same arguments as in the proof of [7, Prop.5.3]. 
Let χ0 be a smooth character of T
o
P over E, let N(χ0) ∈ Z≥1 such that χ0 ∈ C
(N(χ0))(T oP , E). Note χ0
corresponds to a maximal ideal of D∞rn(T
o
P , E), and thus induces a projection D
∞
rn(T
o
P , E)։ E for all n ≥
N(χ0). Put M
T oP=χ0
n :=Mn ⊗D∞rn(T
o
P
,E),χ0 E, Bn := Drn(Z
o
LP
, E), thus M
T oP=χ0
n is an orthonormalisable
Bn-module. Note the zn-action on Mn induces a compact Bn-linear action zn-action on M
T oP=χ0
n . By
the above proposition, one has
Corollary 2.20. One has an isomorphism(((
V N
o
P ⊗E LP (λ)
′
)
0
)NoB∩LP ,T oP=χ0)∨ ∼−→ lim
←−
n≥N(χ0)
M
T oP=χ0
n ,
and the following diagram commutes(((
V N
o
P ⊗E LP (λ)′
)
0
)NoB∩LP ,T oP=χ0)∨ · · · MT oP=χ0n+1 MT oP=χ0n+1 ⊗Bn+1 Bn MT oP=χ0n
(((
V N
o
P ⊗E LP (λ)′
)
0
)NoB∩LP ,T oP=χ0)∨ · · · MT oP=χ0n+1 MT oP=χ0n+1 ⊗Bn+1 Bn MT oP=χ0n
..................................
. ...............
. ......................
. ......................
.
βn
..................................
. ...............
. ......................
. ......................
.
βn
........................
...
πz
..........................
....
zn+1
..........................
....
zn+1 ⊗ id
..........................
....
zn
.................................
.
... αn
.
Keep the above notation, put
J
T oP ,χ0
B,(P,λ0)
(V ) :=
((
V N
o
P ⊗E LP (λ)
′
)
0
)NoB∩LP ,T oP=χ0 ⊗E χλ,
which is thus a closed subrepresentation (hence also essentially admissible) of JB,(P,λ0)(V ).
For a topologically finitely generated abelian group Z, denote by Ẑ the rigid space over E parameter-
izing locally analytic characters of Z. By [15, Prop.6.4.6], if Z is moreover compact, one has a natural
isomorphism O(Ẑ)
∼
−→ D(Z,E) (where for a rigid analytic space X, we use O(X) to denote the global
sections on X). By definition ([15, Def.6.4.9]), there exists an equivalence of categories of the category of
coadmissible O(Ẑ)-modules and that of essentially admissible locally analytic representations of Z.
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In particular, the strong dual of JB,(P,λ0)(V )
(
resp. J
T oP ,χ0
B,(P,λ0)
(V )
)
corresponds to a coherent sheaf
Mλ0(V )
(
resp. Mχ0λ0 (V )
)
over T̂ := T̂ (Qp), with
Mλ0(V )
(
T̂
) ∼
−→ JB,(P,λ0)(V )
∨
b(
resp. Mχ0λ0 (V )
(
T̂
) ∼
−→ J
T oP ,χ0
B,(P,λ0)
(V )∨b
)
.
The character χλ induces an isomorphism of rigid spaces:
(24) χλ : T̂ −→ T̂ , χ 7→ χχλ.
One easily sees the coherent sheaf χ∗λ
(
Mλ0(V )
) (
resp. χ∗λ
(
Mχ0λ0 (V )
))
corresponds to the T (Qp)-representation((
V N
o
P ⊗E LP (λ)′
)
0
)NoB∩LP
fs
(
resp.
((
V N
o
P ⊗E LP (λ)′
)
0
)NoB∩LP ,T oP=χ0
fs
)
. One has
κ : T̂ −։ T̂ o ×Gm
∼
−→ T̂ oP × Ẑ
o
LP
×Gm
where the first projection maps χ to
(
χ|T o , χ(z)
)
for any χ ∈ T̂ (E). The character χ0 corresponds to
an E-point of T̂ oP . The affinoids {SpmBn}n∈Z≥1 form an admissible covering of Ẑ
o
LP
. We view Mχ0n
as a Bn[X ] module with X acting on Mn via zn, and put M
χ0
n,fs := M
χ0
n ⊗̂E[X]E{{X,X
−1}}. By [17,
Prop.2.2.6], Mχ0n,fs is a coadmissible Bn{{X,X
−1}}-module, and thus corresponds to a coherent sheaf
Mχ0n over SpmBn ×Gm. By [17, Prop.2.1.9], one has M
χ0
n+1,fs⊗̂Bn+1{{X,X−1}}Bn{{X,X
−1}}
∼
−→Mχ0n,fs.
Thus {Mχ0n }n glues to a coherent sheaf M
χ0 over T̂ o ×Gm. By the isomorphism
(25) lim
←−
n≥N(χ0)
Mχ0n,fs
∼
−→
((
V N
o
P ⊗E LP (λ)
′
)
0
)NoB∩LP ,T oP=χ0
fs ,
we see κ∗
(
χ∗λ
(
Mχ0λ0 (V )
))
is a coherent sheaf over T̂ oP × Ẑ
o
LP
×Gm
(
since its global section is no other than
the module in (25)
)
, supported on the closed subspace ẐoLP ×Gm →֒ T̂
o
P × Ẑ
o
LP
×Gm, (χ, x) 7→ (χ0, χ, x)
(and we use χ0 to denote this closed embedding), moreover, χ
∗
0κ∗
(
χ∗λ
(
Mχ0λ0 (V )
)) ∼
−→Mχ0 .
Recall for a coherent sheafM over a rigid analytic space X, the support Supp(M) ofM is defined to be
the closed rigid subspace of X such that for any affinoid open SpmA ofX, Supp(M)×XSpmA ∼= Spm(A/I)
where I := {a ∈ A | am = 0, ∀m ∈ M(Spm(A))}. Denote by Fn(X) ∈ Bn{{X,X−1}} the characteristic
power series of the compact operator zn on M
T oP=χ0
n , as in [7, Lem.3.10] (see also [14, Prop.5.A.6]), one
can prove the support of the coherent sheafMχ0n on Bn{{X,X
−1}} is SpmFn(X
−1). By [10, Prop.6.4.2],
dimSuppMχ0 = dimZoLP . Moreover, by [12, Prop.A5.8], there exists an admissible covering {Un,i}i of
affinoid opens of SpmFn(X
−1), such that the image of Un,i via the projection SpmBn×Gm ։ SpmBn is
an affinoid open, denoted by SpmBn,i, in SpmBn, and the sections ofMχ0n (Un,i) form a finite projective
Bn,i-module. Since (24) is an isomorphism, we deduce from the above discussion:
Corollary 2.21. (1) The support of Mχ0λ0 (V ) is equidimensional of dimension dimZ
o
LP
.
(2) There exists an admissible covering {Ui} of SuppM
χ0
λ0
(V ), such that
• the image Vi of Ui via the composition SuppM
χ0
λ0
(V ) →֒ T̂ → ẐoLP is an affinoid open in Ẑ
o
LP
,
• the sections Mχ0λ0 (V ) over Ui form a finite projective O(Vi)-module.
3. Eigenvarieties and closed subspaces
3.1. Notations and preliminaries. We fix embeddings ι∞ : Q →֒ C, and ι∞ : Q →֒ Qp. Let F+ be a
totally real number field, F a quadratic imaginary extension of F+, denote by c the unique non-trivial
element of Gal(F/F+). We suppose p is split in F , thus p is split in F+, and for any place v of F+ above
p, v is split in F . Denote by Σp the places of F
+ above p.
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Let G be a definite quasi-split unitary group over F+ associated to F/F+, thus G×F+ F
∼
−→ GLn /F ,
and G(F+ ⊗Q R) is compact. Note one has an isomorphism G(F+ ⊗Q Qp)
∼
−→
∏
v∈Σp
G(F+v )
∼
−→∏
v∈Σp
GLn(Qp) (where the last isomorphism depends on the choice of the places of F above each v ∈ Σp).
Let Up be an open compact subgroup of G(Ap,∞F+ ) with the form U
p =
∏
v∤p Uv, put
Ŝ(Up, E) :=
{
f : G(F+) \G(A∞F+)/U
p → E | f is continuous
}
.
Since G(F+⊗QR) is compact, G(F+)\G(A∞F+)/U
p is a profinite set. We see Ŝ(Up, E) is a Banach space
over E with the norm defined by the (completed) OE-lattice
Ŝ(Up,OE) :=
{
f : G(F+) \G(A∞F+)/U
p → OE | f is continuous
}
.
Moreover, Ŝ(Up, E) is equipped with a continuous action of G(F+ ⊗QQp) given by (gf)(g′) = f(g′g) for
f ∈ Ŝ(Up, E), g ∈ G(F+ ⊗Q Qp), g′ ∈ G(A∞F+). The lattice Ŝ(U
p,OE) is stable by this action, thus the
Banach representation Ŝ(Up, E) of G(F+ ⊗Q Qp) is unitary.
Lemma 3.1. Let H be a compact open subgroup of G(F+⊗QQp) such that G(F+)∩ (UpH) = {1}, then
there exists r ∈ Z≥1 such that
Ŝ(Up, E)|H
∼
−→ C(H,E)⊕r.
Thus, Ŝ(Up, E) is a unitary admissible Banach representation of G(F+ ⊗Q Qp) over E.
Proof. Let S ⊆ G(A∞F+) be a finite representative set of the finite set G(F
+) \G(A∞F+)/
(
UpH
)
. We have
a H-invariant decomposition
⊔s∈S
(
sH
) ∼
−→ G(F+) \G(A∞F+)/U
p,
where any element of H is viewed as an element of G(A∞F+) via G(F
+ ⊗Q Qp) →֒ G(A∞F+). Indeed, the
surjectivity follows from the fact S is a representative set of G(F+)\G(A∞F+)/(U
pH), while the injectivity
is from the fact G(F+) ∩ (UpH) = {1}. The lemma follows. 
Let S(Up) be the set of primes v of F+ satisfying
• v ∤ p, and v is split in F ;
• Uv is a maximal compact open subgroup of G(F+v ).
Let Hp0 be the spherical Hecke algebra OE
[∏
v∈S(Up)G(F
+
v )//
∏
v∈S(Up) Uv
]
. Indeed, for v ∈ S(Up), let
v˜ be a finite place above v, which would induce an isomorphism ιG,v˜ : G(F
+
v )
∼
−→ GLn(Fv˜). For 1 ≤ i ≤ n,
let
T
(i)
v˜ :=
[
Uvι
−1
G,w
(
1n−i 0
0 ̟v˜· 1i
)
Uℓ
]
,
where ̟v˜ is a uniformizer of Fv˜. Then the Hecke algebra OE [G(F
+
v )//Uv] is the OE-polynomial algebra
generated by T
(i)
v˜ for 1 ≤ i ≤ n. Moreover, if we denote by v˜
c the another place over v, then T
(i)
v˜c =
(T
(n)
v˜ )
−1T
(n−i)
v˜ . Let S be a finite set of places of F
+ containing the places v where Uv is ramified, such
that S ∩ Σp = ∅, S ∩ S(Up) = ∅ and Uv is maximal hyperspecial for v /∈ S ∪ Σp. Let HS,p be the
commutative spherical Hecke algebra OE
[∏
v/∈S∪Σp
G(F+v )//
∏
v/∈S∪Σp
Uv
]
, thus Hp0 ⊂ H
S,p. Note HS,p
acts naturally on Ŝ(Up, E), and the action commutes with G(F+ ⊗Q Qp).
Recall the automorphic representations of G(AF+) are the irreducible constituants of the C-vector
space of functions f : G(F+)\G(AF+)→ C, which are
• C∞ when restricted to G(F+ ⊗Q R),
• locally constant when restricted to G(A∞F+),
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• G(F+ ⊗Q R)-finite,
where G(AF+) acts on this space via right translation. An automorphic representation π is isomorphic
to π∞ ⊗C π∞ where π∞ = W∞ is an irreducible algebraic representation of G(F+ ⊗Q R) over C and
π∞ ∼= HomG(F+⊗QR)(W∞, π)
∼= ⊗′vπv is an irreducible smooth representation of G(A
∞
F+). The algebraic
representation W∞ is defined over Q via ι∞, and we denote by Wp its base change to Qp, which is
thus an irreducible algebraic representation of G(F+ ⊗Q Qp) over Qp. Via the decomposition G(F+ ⊗Q
Qp)
∼
−→
∏
v∈Σp
G(F+v ), one has Wp
∼= ⊗v∈ΣpWv where Wv is an irreducible algebraic representation of
G(F+v ). One can also prove π
∞ is defined over a number field via ι∞ (e.g. see [1, §6.2.3]). Denote by
π∞,p := ⊗′v∤pπv, thus π
∼= π∞,p ⊗Q πp. Let m(π) ∈ Z≥1 be the multiplicity of π in the space of functions
as above.
Proposition 3.2 ([6, Prop.5.1]). One has a G(F+ ⊗Q Qp)×HS,p-invariant isomorphism
Ŝ(Up, E)lalg ⊗E Qp ∼=
⊕
π
(
(π∞,p)U
p
⊗Q (πp ⊗QWp)
)⊕m(π)
,
where Ŝ(Up, E)lalg denotes the locally algebraic subrepresentation of Ŝ(U
p, E), π ∼= π∞ ⊗C π∞ runs
through the automorphic representation of G(AF+) and Wp is associated to π∞ as above.
We fix a place u of F+ above p, and u˜|u, thus we fix an isomorphism iG,u˜ : G(F
+
u )
∼
−→ GLn(Qp).
Let Wup be an irreducible algebraic representation of
∏
v|p,v 6=uG(F
+
v ) over E, U
u
p =
∏
v|p,v 6=u Uv be
a maximal compact open subgroup of
∏
v|p,v 6=uG(F
+
v ), and put U
u := UpUup . Put Ŝ(U
u,Wup ) :=(
Ŝ(Up, E) ⊗E W
u
p
)Uup , which is an admissible unitary Banach representation of G(F+u ) over E, and is
equipped with an actin of HS,u, the OE-algebra generated by HS,p and the spherical Hecke algebra
OE
[
G(F+v )//Uv
]
for v|p, v 6= u. Moreover, the action of HS,u commutes with that of GLn(Qp). By
Lem.3.1, one has
Lemma 3.3. Let H be an open compact subgroup of GLn(Qp)
(
viewed as a subgroup of G(F+u ) via iG,u˜
)
such that
(
HUu
)
∩G(F+) = 1, then there exists r ∈ Z≥1 such that
Ŝ(Uu,Wup )|H
∼
−→ C(H,E)⊕r.
Proof. Applying Lem.3.1 to the group H × Uup , one gets
Ŝ(Up, E)|H×Uup
∼= C(H × Uup , E)
⊕r ∼= C(H,E)⊕r⊗̂EC(U
u
p , E).
By definition, one has
Ŝ(Uu,Wup )|H ∼= C(H,E)
⊕r⊗̂E
(
C(Uup , E)⊗E W
u
p
)Uup ,
since
(
C(Uup , E)⊗E W
u
p
)Up
is a finite dimensional E-vector space, the lemma follows. 
Let B be the Borel subgroup of GLn of upper triangular matrices, Φ the root system of GLn, ∆ the
set of simple roots with respect to B and Φ+ (resp. Φ−) the set of positive (resp. negative) roots, and
W ∼= Sn the Weyl group which is generated by the simple reflections sα for all α ∈ ∆. Each subset
I ⊂ ∆ defines a root system ΦI ⊂ Φ with positive roots Φ
+
I , negative roots Φ
−
I , and Weyl group WI ⊂ W
generated by sα for α ∈ I (put W∅ = {1}). Let PI be the parabolic subgroup associated to ∆I , denote
by LI the Levi subgroup of PI , NI the nilpotent radical of PI , P I the opposite parabolic of PI , N I the
nilpotent radical of P I . Thus B = P∅, G = P∆, put T := L∅, N := N∅ etc. Denote by g, b, pI , lI , nI ,
pI , nI , t, n the associated Lie algebras of GLn, B, PI , LI , NI , P I , N I , T , N respectively.
Let λ ∈ t∗ := HomQp(t, E) be a weight, thus there exist kλ,i ∈ E for i = 1, · · · , n such that
λ
(
(xi)i=1,··· ,n
)
=
∑n
i=1 kλ,ixi. Moreover, λ is dominant if and only if kλ,i−kλ,i+1 ∈ Z≥0 for i = 1, · · · , n−
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1. We enumerate the simple roots with {1, · · · , n − 1} such that αj gives the weight (xi)i=1,··· ,n 7→
xj − xj+1, and fix hence a bijection ∆
∼
−→ {1, · · · , n− 1}. Any subset I of ∆ can be viewed as a subset
of {1, · · · , n− 1}, and a weight λ is PI -dominant if and only if kλ,i − kλ,i+1 ∈ Z≥0 for all i ∈ I. A weight
λ is called integral if kλ,i ∈ Z for all i = 1, · · · , n.
Let I ⊂ ∆, by the highest weight theory, for any PI -dominant integral weight λ, there exists a unique
irreducible finite dimensional algebraic representation LI(λ) of LI with highest weight λ. This gives an
one-to-one bijection between the irreducible finite dimensional algebraic representations of LI and the
I-dominant integral weights. Put L (λ) := L∆(λ). For general λ, denote by L (λ) ∈ Ob to be the unique
simple quotient of the Verma module U(g)⊗U(b) λ.
The Weyl group acts naturally on t∗ by sα(λ) = λ− 〈λ, α〉α for α ∈ ∆. We would use frequently the
dot action given by w · λ := w(λ + 12
∑
α∈Φ+ α) −
1
2
∑
α∈Φ+ α. Note that sα · λ = sα(λ) − α for α ∈ ∆
(since sα permutes the set Φ
+ \ {α} and sends α to −α). And we have kw·λ,i = kλ,w−1(i) − (w
−1(i)− i).
For a locally analytic character χ of T (Qp) over E, denote by wt(χ) ∈ t∗ the corresponding weight.
The character χ is called locally algebraic (resp. dominant) if wt(χ) is integral (resp. dominant). For an
integral weight λ, denote by χλ := z
kλ,1 ⊗ · · · ⊗ zkλ,n .
For 1 ≤ i ≤ n, denote by βi the cocharacter Gm → T , x 7→ (x, · · · , x︸ ︷︷ ︸
i
, 1, · · · , 1).
Let V be an E-vector space equipped with an E-linear action of A (with A a set of operators), χ a
system of eigenvalues of A, denote by V A=χ the χ-eigenspace, V [A = χ] the generalized χ-eigenspace
3.2. Eigenvarieties. Let m ∈ Z>0 such that {xi = 1} ∩ (1 + pmZp) = {1} for i = 1 · · · , n. Let H be
the compact open subgroup generated by
{
g ∈ SLn(Zp) | g ≡ 1 (mod pm)
}
and
{
g ∈ ZGLn(Zp) | g ≡ 1
(mod pm)
}
. For any algebraic subgroupM of GLn, denote by M
o :=M(Qp)∩H . Note the isomorphism
(20) holds for any parabolic subgroup of GLn. For I ⊆ ∆, denote by LI(Qp)+ the subgroup of LI(Qp)
defined as in (8) with respect to NoI , and put ZLI (Qp)
+ := ZLI (Qp) ∩ LI(Qp)
+.
We identify GLn(Qp) and G(F+u ) via iG,u˜. Consider the locally analytic representation Ŝ(U
u,Wup )an of
GLn(Qp), which is admissible and dense in Ŝ(Uu,Wup ) (cf. [26, Thm.7.1]). Let I ( ∆, λ0 be a dominant
weight for SLn, χ0 a smooth character of T
o
I := H ∩ T (Qp) ∩ L
D
I (Qp), applying the functor J
T oI ,χ0
B,(PI ,λ0)
(·)
(cf. (12)), we get an essentially admissible locally analytic representation of T (Qp) over E:
J
T oI ,χ0
B,(PI ,λ0)
(
Ŝ(Uu,Wup )an
)
which is equipped with a continuous action of HS,u commuting with T (Qp). By definition (of essen-
tially admissible locally analytic representations), we associate to J
T oI ,χ0
B,(PI ,λ0)
(
Ŝ(Uu,Wup )
)
a coherent sheaf
Nχ0I,λ0(U
u,Wup ) over T̂ , equipped moreover with an O(T̂ )-linear action of H
S,u. By Emerton’s method
([16, §2.3]), we can construct an eigenvariety from the triplet
{
Nχ0I,λ0(U
u,Wup ), T̂ ,H
S,u
}
:
Theorem 3.4. There exists a rigid analytic space Vχ0I,λ0(U
u,Wup ) over E, together with a finite morphism
of rigid spaces
i : Vχ0I,λ0(U
u,Wup ) −→ T̂
and a morphism of E-algebras (compatible with i) with dense image
O(T̂ )⊗OE H
S,u −→ O
(
Vχ0I,λ0(U
u,Wup )
)
,
satisfying that
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(1) a closed point z of Vχ0I,λ0(U
u,Wup ) is uniquely determined by its image χ in T̂ (E) and the induced
morphism h : HS,u −→ E, called a system of eigenvalues of HS,u, hence a such z would be denoted
by (χ, h);
(2) for a finite extension L of E, (χ, h) ∈ Vχ0I,λ0(U
u,Wup )(L) if and only if the corresponding eigenspace(
J
T oI ,χ0
B,(PI ,λ0)
(
Ŝ(Uu,Wup )an
)
⊗E L
)T (Qp)=χ,HS,u=h
is non-zero;
(3) there exists a coherent sheaf Mχ0I,λ0(U
u,Wup ) over V
χ0
I,λ0
(Uu,Wup ) such that i∗M
χ0
I,λ0
(Uu,Wup )
∼=
Nχ0I,λ0(U
u,Wup ) and that for an L-point z = (χ, h), the special fiber z
∗Mχ0I,λ0(U
u,Wup ) is naturally
dual to the (finite dimensional) L-vector space(
J
T oI ,χ0
B,(PI ,λ0)
(
Ŝ(Uu,Wup )an
)
⊗E L
)T (Qp)=χ,HS,u=h
.
Remark 3.5. Denote by χλ0 the algebraic character of T (Qp)∩SLn(Qp) with weight λ0, by definition, if
(χ, λ) ∈ Vχ0I,λ0(U
u,Wup )(E), then χχ
−1
λ0
is a smooth character of T (Qp) ∩ LDI (Qp)
(
moreover, χχ−1λ0 |T oI =
χ0
)
. From which we deduce kwt(χ),i − kwt(χ),i+1 = kλ0,i − kλ0,i+1 if i, i + 1 ∈ I
(
since t ∼= tSLn ⊕ z, we
view λ0 as a dominant weight of t which equals 0 when restricted to z
)
.
By Lem.3.1 and the results in §2.4, one can construct Vχ0I,λ0(U
u,Wup ) by using Buzzard’s eigenvariety
machine ([9]). Indeed, let Ai :=

pi 0 · · · 0
0 pi−1 · · · 0
...
...
. . .
...
0 0 · · · 1
 ∈ GLi+1(Qp), U (i)p :=
(
Ai 0
0 1n−i−1
)
for 1 ≤ i ≤
n− 1, Sp := p ·1n, Rp ⊂ T (Zp) be a (finite) representative set of T (Zp)/T o. For m ∈ Z≥1 big enough, let
Bm be the affinoid algebra as in §2.4, thus {SpmBm}m form an admissible covering of ẐoLI . Let M
T oI =χ0
n
be the orthonormalisable Bm-modules as in Cor.2.20, which is equipped with a continuous action of H
S ,
the commutative OE-algebra generated by HS,u and U
(i)
p for 1 ≤ i ≤ n− 1, Sp and the elements in Rp.
Moreover, the action of U
(n−1)
p corresponds to the operator zm in Cor.2.20 and thus is compact. We
apply results of [9] to
{
M
T oI =χ0
m ,HS , U
(n−1)
p
}
for each m, and glue them; the resulted rigid space is just
Vχ0I,λ0(U
u,Wup ). Moreover, the action of T
o
I (via χ0), Z
o
LI
(
note T o ∼= T oI × Z
o
LI
)
, U
(i)
p for 1 ≤ i ≤ n− 1,
Sp and Rp gives rise to the morphism of V
χ0
I,λ0
(Uu,Wup ) over T̂ . One has thus (cf. [10, Prop.6.4.2])
Proposition 3.6. (1) The rigid analytic space Vχ0I,λ0(U
u,Wup ) is equidimensional of dimension n− |I|.
(2) Let κ denote the composition Vχ0I,λ0(U
u,Wup )→ T̂ → Ẑ
o
LI
, thus for any closed point z of Vχ0I,λ0(U
u,Wup )
there exists an affinoid open neighborhood U of z, such that κ(U) is an affinoid open in ẐoLI and that
κ : U → κ(U) is finite and surjective when restricted to any irreducible component of U .
Note that if PI = B, one can easily check J
T oI ,χ0
B,(PI ,λ0)
(
Ŝ(Uu,Wup )an
)
∼= JB
(
Ŝ(Uu,Wup )an
)
, denote
by V(Uu,Wup ) the corresponding eigenvariety, which was well studied in [10]. For general case, since
J
T oI ,χ0
B,(PI ,λ0)
(
Ŝ(Uu,Wup )an
)
is a closed subrepresentation of JB
(
Ŝ(Uu,Wup )an
)
, one has
Proposition 3.7. One has a natural closed embedding
(26) Vχ0I,λ0(U
u,Wup ) −֒→ V(U
u,Wup ), (χ, h) 7→ (χ, h).
Remark 3.8. Consider the natural morphism V(Uu,Wup ) → T̂
o ∼−→ T̂ oI × Ẑ
o
LI
, we view χ0χλ0 |T oI as a
closed point of T̂ oI , and put V
χ0
I,λ0
(Uu,Wup )
′ := V(Uu,Wup )×T̂ oI ×ẐoLI
(
{χ0χλ0 |T oI } × Ẑ
o
LI
)
, which is thus a
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closed rigid subspace of V(Uu,Wup ) containing V
χ0
I,λ0
(Uu,Wup ) (cf. Rem.3.5). Let’s remark that in general
Vχ0I,λ0(U
u,Wup ) is more subtle than V
χ0
I,λ0
(Uu,Wup )
′ (see Rem.3.11, 3.24 below).
Definition 3.9. Let L be a finite extension of E, z = (χ, h) ∈ V(Uu,Wup )(L) is called classical, if
JB
(
Ŝ(Uu,Wup )lalg ⊗E L
)T (Qp)=χ,HS,u=h 6= 0;
For a closed point z of Vχ0I,λ0(U
u,Wup ), z is called classical, if z is a classical point of V(U
u,Wup ) via the
closed embedding (26).
Note z = (χ, h) being classical implies that wt(χ) is dominant. Let Zcl denote the set of classical
points in V(Uu,Wup ), it’s known that Zcl is Zariski-dense in V(U
u,Wup ) and accumulates over the points
z = (χ, h) with χ locally algebraic (cf. [10, §6.4.5]).
Theorem 3.10. The set Zcl ∩ V
χ0
I,λ0
(Uu,Wup )
(
E
)
is Zariski-dense in Vχ0I,λ0(U
u,Wup ) and accumulates
over the points (χ, h) ∈ Vχ0I,λ0(U
u,Wup )
(
E
)
with χ locally algebraic.
Remark 3.11. By Thm.3.10, Vχ0I,λ0(U
u,Wup )red
(
the reduced subspace of Vχ0I,λ0(U
u,Wup )
)
is actually the
Zariski-closure of the classical points in Vχ0I,λ0(U
u,Wup )
′ (cf. Rem.3.8).
Proof of Thm.3.10. By Prop.3.6 (and the discussion above it), and some standard arguments as in [10,
Prop.6.2.7, 6.4.6], Thm.3.10 follows from the classicality criterion Thm.3.12 below
(
see also Rem.3.13,
the {wt(χ′j)}j∈{1,··· ,r} in Rem.3.13 gives the weight of χ|ZoLI
)
. Note (χ, h) 7→ υ
(
χ
(
βaj (p)
))
(see §3.2.1
below for notations) is locally constant on Vχ0I,λ0(U
u,Wup ). 
3.2.1. A result of classicality. Let I ⊂ {1, · · · , n− 1} (where we identify the latter set with ∆ as in §3.1),
one can get a partition of the ordered set {1, · · · , n} = S1 ⊔ · · · ⊔Sr such that LI = GL|S1|× · · ·×GL|Sr|.
For j ∈ {1, · · · , r}, put aj := |S1|+ · · ·+ |Sj|, and a0 = 0. One has βαj (p) ∈ ZLI (Qp)
+ for j ∈ {1, · · · , r}.
The main result of this section is (compare with [10, Prop.4.7.4])
Theorem 3.12. Let L be a finite extension of E, z = (χ, h) be an L-point of Vχ0I,λ0(U
u,Wup ) with χ
locally algebraic and dominant, if (where υ(·) denotes the p-adic valuation normalized by υ(p) = 1)
(27) υ
(
χ
(
βaj (p)
)
δ−1B
(
βaj (p)
))
≤ kwt(χ),aj − kwt(χ),aj+1 + 1, ∀1 ≤ j ≤ r − 1
then the point z is classical.
Remark 3.13. By Rem.3.5, kwt(χ),aj+1 − kwt(χ),aj+1 = kλ0,aj+1 − kλ0,aj+1 for 0 ≤ j ≤ r − 1. It’s easy
to see wt(χ) is determined by kwt(χ),aj for j ∈ {1, · · · , r} and λ0. Moreover, consider the restriction
χ|ZLI = χ
′
1 ⊗ · · ·χ
′
r as a character of
∏r
j=1Q
×
p , with χ
′
i = χai−1+1 · · ·χai , thus
wt(χ′j) = kwt(χ),ai |Sj |+
aj∑
i=aj−1+1
(kλ0,i − kλ0,aj ).
For j ∈ {1, · · · , r}, denote by Nj :=
∑aj
i=aj−1+1
(kλ0,i − kλ0,aj ), the numerical criterion in (27) can be
reformulated as
υ
(
χ
(
βaj (p)
)
δ−1B
(
βaj (p)
))
≤
wt(χ′j)−Nj
|Sj |
−
wt(χ′j+1)−Nj+1
|Sj+1|
+ (kλ0,aj+1 − kλ0,aj+1) + 1
for j ∈ {1, · · · , r − 1}.
The theorem follows easily from the following proposition
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Proposition 3.14. Keep the above notation, if (27) holds, any vector v in the generalized eigenspace
JB,(PI ,λ0)
(
Ŝ(Uu,Wup )an ⊗E L
)T o=χ
[T (Qp) = χ,H
S,u = h]
is locally algebraic, i.e. v ∈ JB,(PI ,λ0)
(
Ŝ(Uu,Wup )lalg ⊗E L
)
.
Without loss of generality, we assume L = E, since χ is locally algebraic and has dominant weight, we
can write χ = χwt(χ)ψ where ψ is a smooth character of T (Qp) over E. For any non-zero vector
v ∈ JB,(PI ,λ0)
(
Ŝ(Uu,Wup )an
)T o=χ
[T (Qp) = χ,H
S,u = h],
the T (Qp) subrepresentation generated by v is isomorphic to χwt(χ)⊗E πψ with πψ a finite length smooth
representation of T (Qp), whose irreducible components are all ψ. By the adjunction formula Thm.2.15,
the injection χwt(χ) ⊗E πψ →֒ JB,(PI ,λ0)
(
Ŝ(Uu,Wup )an
)
induces a non-zero map
(28) FGLn
P I
((
U(g)⊗U(pI) LI(wt(χ))
′
)∨
,
(
Ind
LI(Qp)
B∩LI(Qp)
πψ ⊗E δ
−1
B
)∞)
−→ Ŝ(Up, E)an.
Recall any irreducible component of
(
U(g)⊗U(pI )LI(wt(χ))
′
)∨
∈ Ob has the form L (w · (−wt(χ))) with
w · (−wt(χ)) being PI -dominant
(
recall −wt(χ) denotes the highest weight of L (wt(χ))′
)
. Denote by
πI :=
(
Ind
LI(Qp)
B∩LI(Qp)
ψδ−1B
)∞
for simplicity, and note πI has the central character ψδ
−1
B .
Let w ∈ W such that w · (−wt(χ)) is PI -dominant, let Iw ⊇ I such that PIw is the maximal parabolic
subgroup for L (w · (−wt(χ))). Let πw be an irreducible component of
(
Ind
LIw (Qp)
PI∩LIw (Qp)
πI
)∞
, which also
has the central character ψδ−1B . We would show
Lemma 3.15. Keep the above notation, and suppose the conditions in (27) hold, then the irreducible rep-
resentation FGLn
P Iw
(
L (w ·(−wt(χ))), πw
)
does not admit any invariant lattice. Consequently, FGLn
P Iw
(
L (w ·
(−wt(χ))), πw
)
can not be a subrepresentation of Ŝ(Uu,Wup )an
(
since Ŝ(Uu,Wup ) is unitary
)
.
Proof of Prop.3.14. By Thm.2.4 and the discussion that precedes Lem.3.15, any irreducible component
of
FGLn
PI
((
U(g)⊗U(p) LI(wt(χ))
′
)∨
,
(
Ind
LI(Qp)
B∩LI(Qp)
πψ ⊗E δ
−1
B
)∞)
has the form FGLn
PIw
(
L (w · (−wt(χ))), πw
)
(with the above notations). By Lem.3.15, we see any non-zero
map as in (28) factors through
FGLn
B
(
L (wt(χ))′, πψ ⊗E δ
−1
B
)
∼=
(
IndGLn
B
πψ ⊗E δ
−1
B
)∞
⊗E L (wt(χ)),
and thus has image in Ŝ(Uu,Wup )lalg. 
Proof of Lem.3.15. By [5, Cor.3.5], if FGLn
Pw
(
L (w · (−wt(χ))), πw
)
admits an invariant lattice, then
χw·wt(χ)(z)ψ(z)δ
−1
B (z) ∈ OE
for all z ∈ ZLIw (Qp)
+. Note χw·wt(χ)ψδ
−1
B = χw·wt(χ)−wt(χ)χδ
−1
B . By the lemma below
(
applied to
λ = wt(χ), P = PIw
)
, there exists 1 ≤ jw ≤ r such that βajw (p) ∈ ZLIw (Qp)
+
(
indeed, since PI ⊆ PIw ,
for 1 ≤ a ≤ n, if βa(p) ∈ ZLIw (Qp)
+, one gets a = aj for some 1 ≤ j ≤ r
)
, and 〈w ·wt(χ)−wt(χ), βjw 〉 ≤
kwt(χ),ajw+1−kwt(χ),ajw−1. Thus υ
(
χw·wt(χ)−wt(χ)(βjw (p))
)
≤ kwt(χ),ajw+1−kwt(χ),ajw−1. Consequently,
υ
(
χ(βjw (p))δ
−1
B (βjw (p))
)
≥ kwt(χ),ajw − kwt(χ),ajw+1 + 1,
a contradiction with (27). 
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Lemma 3.16. Let P ⊇ B be a parabolic subgroup of GLn, λ be a dominant weight of t, w ∈ W ,
w 6= 1 such that w · λ is P -dominant, then there exists 1 ≤ a ≤ n, such that the cocharacter βa satisfies
βa(p) ∈ ZLP (Qp)
+ and 〈w · λ− λ, βa〉 ≤ kλ,a+1 − kλ,a − 1.
Proof. Consider the partition of the ordered set {1, · · · , n} = SP,1⊔· · ·⊔SP,s such that LP = GL|SP,1|× · · ·×
GL|SP,s|. Since w ·λ is P -dominant, kw·λ,i ≥ kw·λ,i+1 if i, i+1 ∈ SP,j for some j ∈ {1, · · · , s}. Since w 6= 1,
there exists i such that w−1(i) 6= i. Let i0 ∈ {1, · · · , n} be the smallest number such that w−1(i0) 6= i0
(thus i0 < w
−1(i0)), let j0 ∈ {1, · · · , r} such that i0 ∈ SP,j0 . Note kw·λ,i0 = kλ,w−1(i0) − (w
−1(i0)− i0) <
kλ,i, for i0 < i ≤ w−1(i0).
If i ∈ SP,j0 , i ≥ i0, we claim w
−1(i) ≥ w−1(i0) + i− i0. Indeed, if i0 + 1 ∈ SP,j0 , and if w
−1(i0 + 1) <
w−1(i0) then kw·λ,i0+1 = kλ,w−1(i0+1)−(w
−1(i0+1)− i0−1) ≥ kλ,w−1(i0)−(w
−1(i0+1)− i0−1) > kw·λ,i0
which contradicts to the fact w · λ is P -dominant. The claim follows then by induction on i− i0.
We has thus kw·λ,i < kλ,i for i ≥ i0, i ∈ SP,j0 , let a := |SP,1|+ · · ·+ |SP,j0 |, one has
〈w · λ− λ, βa〉 =
∑
i≥i0,i∈SP,j0
(kw·λ,i − kλ,i) =
∑
i≥i0,i∈SP,j0
(kλ,w−1(i) − (w
−1(i)− i)− kλ,i)
≤
∑
i≥i0,i∈SP,j0
(kλ,w−1(i) − 1− kλ,i) ≤ kλ,w−1(a) − kλ,a − 1 ≤ kλ,a+1 − kλ,a − 1.
The lemma follows. 
3.3. Families of Galois representations. Let ρ be an n-dimensional continuous representation of
Gal(F/F ) over E satisfying
• ρc ∼= ρ∨ ⊗E ε1−n where ρc(g) := ρ(cgc) for all g ∈ Gal(F/F ), c is the unique non-trivial element
in Gal(F/F+), ε denotes the cyclotomic character;
• ρ is unramified for all but finitely many places of F , and ρ is unramified for places of F lying
above places in S(Up).
Note by Chebotarev density theorem, ρ is determined by ρ(Frobv˜) for v˜|v, v ∈ S(Up). One can associate
to ρ a maximal ideal mρ of H
S,p
0 ⊗OE E generated by elements
{
(−1)j Norm(v˜)
j(j−1)
2 T
(j)
v˜ −a
(j)
v˜
}
j,v˜
where
j ∈ {1, · · · , n}, v˜ ∈ S(Up), Norm(v˜) is the cardinality of the residue field of Fv˜, Xn + a
(1)
v˜ X
n−1 + · · ·+
a
(n−1)
v˜ X + a
(n)
v˜ ∈ E[X ] is the characteristic polynomial of ρ(Frobv˜) with Frobv˜ a geometric Frobenius at
v˜. Put
(29) Π̂(ρ) := Ŝ(Uu,Wup )
mρ
the subspace of Ŝ(Uu,Wup ) annulated by mρ, which is thus an admissible unitary Banach representation
of G(F+u )
∼= GLn(Qp) (via iG,u˜). The Galois representation ρ is called modular if Π̂(ρ)lalg 6= 0, in other
word, if ρ is associated to certain automorphic representation of G (cf. Prop.3.2); ρ is called promodular
if Π̂(ρ) 6= 0.
Recall to any closed point z = (χ, h) of V(Uu,Wup )
(
thus of Vχ0I,λ0(U
u,Wup )
)
, one can associate a
continuous absolutely semi-simple representation ρz : Gal(Q/E) → GLn(k(z)) where k(z) denotes the
residue field at z. Suppose moreover
• χ is locally algebraic,
• wt(χ) = w · λ for certain integral dominant weight λ;
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let (ψ1, · · · , ψn) := χχ
−1
wt(χ), by global triangulation theory
(
[22] [23] applied to V(Uu,Wup )
)
, the restric-
tion ρz,u˜ := ρz|Gal(Qp/Fu˜) is trianguline of parameter (δ1, · · · , δn), (e.g. see [5, §7])
(
i.e. the (ϕ,Γ)-module
Drig(ρz,u˜) over RL admits a filtration {Fil
i}i=0,··· ,n with Fil
0Drig(ρz,u˜) = 0, Fil
nDrig(ρz,u˜) = Drig(ρz,u˜),
and griDrig(ρz,u˜) := Fil
i /Fili−1Drig(ρz,u˜) ∼= RL(δi) is a rank 1 (ϕ,Γ)-module over RL associated to
δi
)
, where δi : Q×p → L
× are continuous characters given by
(30) (δ1, · · · , δi, · · · , δn) =
(
ψ1 unr(p
n−1), · · · , ψiε
1−i unr(pn+1−2i), · · · , ψnε
1−n unr(p1−n)
)
χw(z)·λ,
with w(z) ∈ W .
We define an order on n-tuples in Zn: (k1, · · · , kn) ≤ (k′1, · · · , k
′
n) if
∑i
j=1 kj ≤
∑i
j=1 k
′
j for all
1 ≤ i ≤ n, and define an action of W ∼= Sn on Zn by w(k1, · · · , kn) = (kw−1(1), · · · , kw−1(n)). Let
h(z) :=
(
− kλ,1, · · · ,−(kλ,i + 1 − i), · · · ,−(kλ,n + 1 − n)
)
which are in fact the Hodge-Tate weights of
ρz,u˜ (where we choose the convention that the Hodge-Tate weight of the cyclotomic character ε is −1),
and is anti-dominant, i.e. strictly increasing.
Proposition 3.17 ([6, Prop.9.2]). Keep the above notation and assumption, one has w(h(z)) ≤ w(z)(h(z)).
Remark 3.18. Note that, conjecturally, one should have w ≤ w(z) by the Bruhat’s ordering (cf. [6,
Rem.9.4 (2)]).
Definition 3.19 ([8, Def.2.10]). Let ρp be a crystalline representation of Gal(Qp/Qp) of dimension n
over E, we say ρp is very regular if
• ρp has distinct Hodge-Tate weights,
• the eigenvalues {φ1, · · · , φn}of the crystalline Frobenius on Dcris(ρp) satisfies φiφ
−1
j 6= 1, p, for
i 6= j,
• φ1φ2 · · ·φi is a simple eigenvalue of the crystalline Frobenius on ∧iEDcris(ρp) for 1 ≤ i ≤ n.
The following proposition follows from the same argument as in [11, Thm.4.8, Thm.4.10]
Proposition 3.20. Let z = (χ, h) be a classical point of Vχ0I,λ0(U
u,Wup ) satisfying that ρz is absolutely
irreducible, ρz,v˜ is crystalline and very regular for all v˜|p. Suppose n ≤ 3, or F/F+ unramified, G
quasi-split at all finite places, Uv maximal hyperspecial at all inert places. If
(31) JB,(PI ,λ0)
(
Ŝ(Uu,Wup )lalg ⊗E L
)T o=χ
[T (Qp) = χ,H
S,u = h]
∼
−→ JB,(PI ,λ0)
(
Ŝ(Uu,Wup )an ⊗E L
)T o=χ
[T (Qp) = χ,H
S,u = h],
then the map κ : Vχ0I,λ0(U
u,Wup )→ Ẑ
o
LI
is e´tale at z.
Proof. Indeed, by the the discussion above Prop.3.6, one can reduce to the same situation as in the
beginning of the proof of [11, Thm.4.8]. Then Prop.3.14 ensures there exists a set of classical points
satisfying (31) which accumulates over z (as in [11, (4.19)]). The hypothesis on z gives the property [11,
(4.20)]. This proposition then follows from the multiplicity one result as in the proof of [11, Thm.4.8,
Thm.4.10]. 
Lemma 3.21. Let w,w′ ∈ W , h = (h1, · · · , hn) ∈ Zn, hi < hi+1 for i = {1, · · · , n − 1}, suppose
w(h) ≥ w′(h), then if w ∈ WI , so is w′.
Proof. If w′ /∈ WI , let i ∈ {1, · · · , n} be the smallest number such that (w′)−1(i) and i do not belong
to the same partition defined as in the beginning of §3.2.1, let i0 ∈ {1, · · · r} such that i ∈ Si0 (see the
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beginning of §3.2.1), let a := |S1| + · · · + |Si0 |, one sees easily (where the first equality follows from
w ∈ WI)
a∑
i=1
hw−1(i) =
a∑
i=1
hi <
a∑
i=1
h(w′)−1(i),
a contradiction. 
The following theorem generalizes [11, Thm.4.8,Thm.4.10].
Theorem 3.22. Let z = (χ, h) be a classical point of Vχ0I,λ0(U
u,Wup ) satisfying that ρz is absolutely
irreducible, ρz,v˜ is crystalline and very regular for all v˜|p. Suppose n ≤ 3, or F/F
+ unramified, G
quasi-split at all finite places, Uv maximal hyperspecial at all inert places. If w(z) ∈ WI (cf. (30)), then
Vχ0I,λ0(U
u,Wup ) is e´tale over Ẑ
o
LI
at z.
Proof. By Prop.3.20, it’s sufficient to show that if w(z) ∈ WI , then any vectors in the generalized
eigenspace
JB,(PI ,λ0)
(
Ŝ(Uu,Wup )an ⊗E L
)T o=χ
[T (Qp) = χ,H
S,u = h]
is locally algebraic (cf. Prop.3.14). And as in the proof of Prop.3.14 (and we use the notations there),
it’s sufficient to prove that FGLn
P Iw
(
L (−w · wt(χ)), πw
)
(see Lem.3.15) can not be a subrepresentation of
Ŝ(Up, E)[HS,u = h] if w 6= 1 and w · wt(χ) is PI -dominant. Suppose there exist w 6= 1, w · wt(χ) being
PI -dominant and an injection
FGLn
P Iw
(
L (−w · wt(χ)), πw
)
−֒→ Ŝ(Uu,Wup )an[H
S,u = h].
Applying the Jacquet-Emerton functor JB(·), by [5, Cor.3.4], we get a closed point z′ = (χ′, h) ∈
V(Uu,Wup ) with χ
′ = χχw·λ−λ (see also the proof of [6, Thm.9.3]). By Prop.3.17, w(h(z
′)) ≤ w(z′)(h(z′)),
note w(z′) = w(z), h(z′) = h(z), and thus by Lem.3.21 w ∈ WI , which contradicts the fact that w ·wt(χ)
is PI -dominant and w 6= 1. 
Conversely, we have the following result which follows directly from results of Bergdall ([2])
Theorem 3.23. Let z = (χ, h) be a classical point of Vχ0I,λ0(U
u,Wup ) satisfying that ρz is absolutely
irreducible, and that ρz,u˜ is crystalline and very regular. Suppose w(z) /∈ WI , then V
χ0
I,λ0
(Uu,Wup ) is not
e´tale over ẐoLI at z.
Proof. Denote by V := Vχ0I,λ0(U
u,Wup ), W := Ẑ
o
LI
for simplicity. Consider the tangent map ∇z: TV,z →
TT̂ ,χ, and let
X :=
{
(xi) ∈ TT̂ ,χ
∼= k(z)n | xi = xi′ , for i, i
′ ∈ Sj , j ∈ {1, · · · , r}
}
We have Im(∇z) ⊆ X (e.g. see Rem.3.11). The natural map TT̂ ,χ → TW,κ(z) thus induces an isomorphism
X
∼
−→ TW,κ(z). Since w(z) /∈ WI , there exists i ∈ {1, · · · , n} such that (w(z))
−1(i) and i do not belong to
the same partition defined by I (cf. §3.2.1). By [2, Thm.B], Im(∇z)i = Im(∇z)w(z)−1(i), from which we
deduce ∇z is not surjective onto X , the theorem follows. 
Remark 3.24. The two above theorems also imply that in general the rigid space Vχ0I,λ0(U
u,Wup )
′ (cf.
Rem.3.8) is different from Vχ0I,λ0(U
u,Wup ). For example, applying Thm.3.23 to V(U
u,Wup ), if z is a
classical point with w(z) 6= 1, then V(Uu,Wup ) is not e´tale over T̂
o at z with the induced tangent map
non-surjective (hence non-injective), from which we can deduce Vχ0I,λ0(U
u,Wup )
′ is not e´tale over ẐoLI at
z for any I ( ∆; however, if there exists I ( ∆ such that w(z) ∈ WI , then V
χ0
I,λ0
(Uu,Wup ) should be e´tale
over ẐoLI at z.
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4. Local-global compatibility
Let ρp be an n-dimensional very regular crystalline representation of Gal(Qp/Qp) over E. Let h =
(h1, · · · , hn) be the Hodge-Tate weights of ρp (with h1 < h2 · · · < hn), (φ1, φ2, · · · , φn) be the eigenvalues
of the crystalline Frobenius on Dcris(ρp). Recall ρp admits n! triangulations (which are also called
refinements) parameterized by W ∼= Sn. Indeed, for w ∈ W , one has a triangulation of ρp of parameter(
unr
(
φw−1(1)
)
, · · · , unr
(
φw−1(i)
)
x1−i, · · · , unr
(
φw−1(n)
)
x1−n
)
χwalg(w)·λ
for some walg(w) ∈ W (uniquely determined by w and ρp), where λ is the dominant weight of t with
kλ,i = −hi + i − 1 for i = 1, · · · , n. Let ψw,i := unr
(
φw−1(i)p
i−n
)
, ψw := ψw,1 ⊗ · · ·ψw,n. Note by the
assumption on {φi}, the smooth representations π :=
(
Ind
GLn(Qp)
B(Qp)
ψwδ
−1
B
)∞
of GLn(Qp) are irreducible
and isomorphic to each other
(
recall δB = unr(p
1−n)⊗ · · · ⊗ unr(p2i−n−1)⊗ · · · ⊗ unr(pn−1)
)
. Following
Breuil ([5, §6], see also [6, §6]), for (walg, w) ∈ Sn × Sn, put (note the notation is slight different from
that in [6, §6], indeed, the dominant weight λ that we use differs from “λv˜” in loc. cit. by n− 1)
(32) C(walg , w) := FGLn
B
(
L (walg · (−λ)), ψwδ
−1
B
)
which is irreducible by Thm.2.4 (4).
Let ρ be an n-dimensional continuous representation of Gal(F/F ) over E as in the beginning of §3.3.
Suppose ρv˜ is crystalline and very regular for all v˜|p. Let hu˜ := (hu˜,1, · · · , hu˜,n) denote the Hodge-Tate
weights of ρu˜, (φu˜,1, · · · , φu˜,n) eigenvalues of crystalline Frobenius on Dcris(ρu˜) . Let λu˜ be the dominant
weight of t with kλu˜,i = −hu˜,i + i − 1 for i = 1, · · · , n. We associate as above to ρu˜ locally analytic
representations
{
C(walgu˜ , wu˜)
}
(walgu˜ ,wu˜)∈Sn×Sn
. Suppose moreover Π̂(ρ)lalg 6= 0.
Conjecture 4.1 ([5], [6, Conj.5.3]). Keep the above notation and assumption, then
HomGLn(Qp)
(
C(walgu˜ , wu˜), Π̂(ρ)an
)
6= 0
if and only if walgu˜ ≤ w
alg
u˜ (wu˜), where the GLn(Qp) acts on Π̂(ρ) via iG,u˜.
Remark 4.2. By [6, Prop.5.4], the conjecture is in fact independent of the choice of u˜, i.e. if Conj.4.1
holds for u˜ then it holds for u˜c.
Recall
Theorem 4.3 ([6]). Keep the notation and assumption as in Conj.4.1.
(1) If HomGLn(Qp)
(
C(walgu˜ , wu˜), Π̂(ρ)an
)
6= 0, then walgu˜ (hu˜) ≤ w
alg
u˜ (wu˜)(hu˜). If moreover n < 3 or
lg(walgu˜ (wu˜)) ≤ 2, then w
alg
u˜ ≤ w
alg
u˜ (wu˜).
(2) Suppose n ≤ 3, or F/F+ unramified, G quasi-split at all finite places and Uv maximal hyperspecial
at all inert places, for wu˜ ∈ Sn, if w
alg
u˜ (wu˜) 6= 1, then there exists w
alg
u˜ ∈ Sn \ {1}, such that
HomGLn(Qp)
(
C(walgu˜ , wu˜), Π̂(ρ)an
)
6= 0.
In particular, when lg(walgu˜ (wu˜) ≤ 1, Conj.4.1 was proved (under the global hypothesis as in Thm.4.3).
The following theorem is the main result of this note, which improves Thm.4.3 (2)
Theorem 4.4. Keep the notation and assumption as in Conj.4.1. Suppose n ≤ 3, or F/F+ unramified,
G quasi-split at all finite places and Uv maximal hyperspecial at all inert places. Let I ( ∆, for wu˜ ∈ Sn,
if walgu˜ (wu˜) /∈ WI , then there exists w
alg
u˜ ∈ Sn satisfying
• walgu˜ 6= 1,
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• L (walgu˜ ·(−λu˜)) is an irreducible component of the generalized Verma module U(g)⊗U(pI)LI(−λu˜)(
which implies in particular walgu˜ · (−λu˜) is PI-dominant
)
,
such that
HomGLn(Qp)
(
C(walgu˜ , wu˜), Π̂(ρ)an
)
6= 0.
Proof. Since Π̂(ρ)lalg 6= 0, we associate to ρ a system of Hecke eigenvalues hρ : H
S,u → E. Indeed,
by Prop.3.2 and (29), there exists an automorphic representation π = π∞ ⊗ π∞, with H
S,p
0 acting on
(π∞)U
u
by HS,p0 /mρ (since π
∞ is defined over a number field, by enlarging E, we assume π∞ is defined
over E). Thus HS,u acts on (π∞)U
u
via a morphism hρ : HS,u → E. Let λ0 := λu˜|tD , for each w ∈ Sn,
we get an E-point zwu˜ = (χwu˜ , hρ) in V := V
1
I,λ0
(Uu,Wup ) with χwu˜ = ψwu˜χλu˜ (where “1” denotes
the trivial character). Note, with the notation in Thm.3.23, walgu˜ (wu˜) is just w(zwu˜). By Thm.3.23, if
walgu˜ (wu˜) /∈ WI , then V is not e´tale over Ẑ
o
LI
. Then by Prop.3.20, the natural injection
JB,(PI ,λ0)
(
Ŝ(Uu,Wup )lalg
)T o=χwu˜ [T (Qp) = χwu˜ ,HS,u = hρ]
−֒→ JB,(PI ,λ0)
(
Ŝ(Uu,Wup )an
)T o=χwu˜ [T (Qp) = χwu˜ ,HS,u = hρ],
is not surjective. The theorem follows by applying the adjunction formula Thm.2.15 to the T (Qp)-
representation JB,(PI ,λ0)
(
Ŝ(Uu,Wup )an
)T o=χwu˜ [T (Qp) = χwu˜ ,HS,u = hρ]. 
In particular, when n = 3, taking PI to be a maximal proper parabolic subgroup of GL3, then “w
alg
u˜ ”
in the theorem is equal to the simple reflection s /∈ WI if exists. Indeed, in this case, one has an exact
sequence (cf. [21, §9.5])
(33) 0→ L (s · (−λu˜))→ U(g)⊗U(pI ) LI(−λu˜)→ L (−λu˜)→ 0.
Thus putting Thm.4.3 (1) and Thm.4.4 together, one gets
Corollary 4.5. Suppose n = 3, let α ∈ ∆, then sα ≤ w
alg
u˜ (wu˜) if and only if C(sα, wu˜) is a subrepre-
sentation of Π̂(ρ)an. In particular, if lg(w
alg
u˜ (wu˜)) ≥ 2, then ⊕α∈∆C(sα, wu˜) is a subrepresentation of
Π̂(ρ)an.
In the general setting, let P denote the set of maximal proper parabolic subgroups PI of GLn such
that walgu˜ (wu˜) /∈ WI , thus |P| = |{α ∈ ∆ | sα ≤ w
alg
u˜ (wu˜)}|. For each PI ∈ P , by Thm.4.4 one gets
a subrepresentation C(walgu˜,I , w) of Π̂(ρ)an
(
where walgu˜,I is the “w
alg
u˜ ” in Thm.4.4 applied to PI
)
. Note
that these walgu˜,I are distinct since for w ∈ W if w · (−λu˜) is dominant for two different maximal proper
parabolic subgroups, then w · (−λu˜) is dominant, and hence w = 1. By [5, Lem.6.2], the locally analytic
representations C(walgu˜,I , wu˜) are distinct for different PI . Thus one has
Corollary 4.6. Keep the above notation and the assumption in Thm.4.4, ⊕PI∈PC(w
alg
u˜,I , wu˜) is a sub-
representation of Π̂(ρ)an.
Indeed, when n ≥ 4, for a maximal proper parabolic subgroup P of GLn, the generalized Verma
module U(g) ⊗U(p) LI(−λu˜) might be more complicated, consequently, in general Thm.4.4 could not
explicate the “walgu˜,I” in Cor.4.6 (unlike the GL3(Qp) case as in Cor.4.5). We end this note by an example
for GL4(Qp).
Example 4.7. Suppose n = 4, λu˜ = 0, we identify the set of simple roots ∆ with {1, 2, 3} as in §3.1, thus
L{1,2} = GL3×GL1, L{2,3} = GL1×GL3 and L{1,3} = GL2×GL2. Denote by si ∈ S4, i ∈ {1, 2, 3} the
corresponding simple reflection, let I ⊆ {1, 2, 3}, |I| = 2, iI ∈ {1, 2, 3}, iI /∈ I, and denote by SI the set
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of irreducible composants of the generalized Verma module U(g)⊗U(pI ) LI(0) (which all have multiplicity
one by [19, Thm.8.4]). By loc. cit., one has
SI =
{{
L (0),L (siI · 0)
}
I ∈ {{1, 2}, {2, 3}}{
L (0),L (s2 · 0),L ((s2s3s1s2) · 0)
}
I = {1, 3}
.
Thus as in GL3(Qp) case, one has
• let i = 1 or 3, then si ≤ walg(wu˜) if and only if C(si, wu˜) is a subrepresentation of Π̂(ρ)an.
Since λu˜ = 0, hu˜ = (0, 1, 2, 3). One can check for w ∈ S4, w(hu˜) ≥ (s2s3s1s2)(hu˜) if and only if
w ≥ s2s3s1s2. Thus by Thm.4.4 and Thm.4.3 (1), one gets
• if walg(wu˜)  s2s3s1s2, then si ≤ walg(wu˜) if and only if C(si, wu˜) is a subrepresentation of
Π̂(ρ)an for i ∈ {1, 2, 3}.
However, if walg(wu˜) ≥ s2s3s1s2, the author does not know how to see the (conjectured) injection
C(s2, wu˜) →֒ Π̂(ρ)an.
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